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Abstract 

In this paper we propose a theory of contact invariants and open string invariants, which are 
generalizations of the relative invariants. We introduce two moduli spaces A4a{M^,C, g,m + 
V, y, p, (k, e)) and A4a{M, L; g, m + y, p, 7^), prove the compactness of the moduli spaces and 
the existence of the invariants. 
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1 Introduction 

Open string invariant theory have been studied by many mathematicians and physicists (see mill 
EIKleKIT]). This theory closely relates to relative Gromov-Witten theory and contact geometry. 
In this paper we propose a theory of contact invariants and open string invariants, which are 
generalizations of the relative invariants. We outline the idea as follows. 

1). Let (M, w) be a compact symplectic manifold, L C M be a compact Lagrangian sub¬ 
manifold. Let (xi, • • • ,Xn) be a local coordinate system in O C L, there is a canonical coordinates 
(xi, • • • ,Xn,yi, ■ ■ ■ ,yn) in T*L\o. Suppose that given a Riemannian metric g on L, and consider 
the unit sphere bundle M. Let A be the Liouville form on T*L, denote A = —7? |^. Then (M, A) 
is a contact manifold with contact form A. The Reeb vector field is given by Af = ^ 

Lagrangian Neighborhood Theorem we can write M — L as 

A7+ = Afolj{[0,oo) xM}, 
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where Mq is a compact symplectic manifold with boundary. We choose an almost complex structure 
J on M~^ such that J is tamed by a; and over the cylinder end J is given by 

where ^ = kerX, a is the canonical coordinate in M, and J is a dA-tame almost complex structure 
in Assume that the periodic orbit sets of X are either non-degenerate or of Bott-type, and J 
can be chosen such that LxJ = 0 along every periodic orbit. 

O 

Let S be a Riemann surface with a puncture point p. We use the cylinder coordinates {s,t) 

near p, i.e.,we consider a neighborhood of p as (so,oo) x S^. Let u :E—)• M~^ be a J-holomorphic 
map with finite energy. Suppose that 


[lim u{s,S^)] = V/i*[cj], 

S—>CX3 ^ ^ 

where [ci],i = l,...,a, is a bases in Hi{L,X) and /i* G Z. Then u{s,t) converges to a periodic 
orbit X C M of the Reeb vector held X as s — >■ oo. We can view lims^oo u{s, S^) as a loop in L, 
representing ^ [cj]. In this way, we can control the behaviour at inhnity of J-holomorphic maps 
with hnite energy. 

2) . To compactify the moduli space we need study the J-holomorphic maps into {(— 00 , 00 ) x 
M}. There are two global vector helds on M x M: ^ and X. Similar to the situation of relative 
invariants, there is a M action, which induces a M-action on the moduli space of J-holomorphic 
maps. We need mod this action. Since there is a vector held X with |X| = 1 on M, the Reeb 
vector held, there is a one parameter group pg action on M generated by —X. In particular, there 
is a S^-action on every periodic orbit, corresponding to the freedom of the choosing origin of 
Along every periodic orbit we have LxX = 0, on the other hand, we assume that on every periodic 
orbit LxJ = 0, then we can mod this action. 

On the other hand, we choose the Li-Ruan’s compactihcation in [T5j, that is, we hrstly let the 
Riemann surfaces degenerate in Delingne-Mumford space and then let M"*" degenerate compatibly as 
in the situation of relative invariants. At any node, the Riemann surface degenerates independently 
with two parameters, which compatible with those freedoms of choosing the origins ( see section 
^for degeneration and section ^for gluing). Then both blowups at interior and at infinity lead 
boundaries of codimension 2 or more in the moduli space. 

3) . Another core technical issue in this paper is to dehne invariants using virtual techniques. 

As we know, there had been several different approaches, such as Fukaya-Ono [lUj . Li-Tian [21] . 
Liu-Tian( [22]), Ruan( [27|), Siebert( [29]) and etc. In [T8|, Li and Ruan provide a completely new 
approach to this issue: they show that the invariants can be dehned via the integration on the top 
stratum virtually. In order to achieve this goal, they provide refined estimates of differentiations 
for gluing parameters: djdr. In [T5| the estimates for ^ is of order when r —>■ 00 , that is 
enough to define invariants. In this paper these estimates achieve to be of exponential decay order 
exp(—cr). Then we can use the estimates to dehne the invariants and prove the smoothness of the 
moduli space. The same method can be applied to GW-invariant for compact symplectic manifold. 

In this paper we introduce two moduli spaces A4yi(M+, C, g, m+i', y, p, (k, e)) and L; g, m+ 

v, y, p, fit), prove the compactness of the moduli spaces and the existence of the contact invariants 
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and the open string invariants 

our next paper |20j we will prove the smoothness of the two moduli spaces. Our open string in¬ 
variants can be generalized to L which is a disjoint union of compact Lagrangian 

sub-manifolds 

We consider a neighborhood of Lagrangian sub-manifold L as M x M. By the same method 
above we can define a local open string invariant. We will discuss this problem and calculate some 
examples in our next paper. 

2 Symplectic manifolds with cylindrical ends 

2.1 Contact manifolds 

Let (Q, A) be a (2n — l)-dimensional compact manifold equipped with a contact form A. We recall 
that a contact form A is a 1-form on Q such that A /\((iA)”“^ is a volume form. Associated to (Q, A) 
we have the contact structure ^ = ker(A), which is a (2n — 2)-dimensional subbundle of TQ, and 
(^, dA|j) dehnes a symplectic vector bundle. Furthermore, there is a unique nonvanishing vector 
held X = Xx, called the Reeb vector held, dehned by the condition 

zjfA = 1, ixdX = 0. 

We have a canonical splitting of TQ, 

TQ = MA © C 

where MA is the line bundle generated by A. 

2.2 Neighbourhoods of Lagrangian submanifolds 

Let (M, u) be a compact symplectic manifold, L C M be a compact Lagrangian sub-manifold. The 
following Theorem is well-known. 

Theorem 2.1. Let (M, w) be a symplectic manifold of dimension 2n, and L be a compact La¬ 
grangian submanifold. Then there exists a neighbourhood Lf C T*L of the zero section, a neigh¬ 
bourhood V <Z M of L, and a diffeomorphism (/>:[/—)■ R such that 

(j)* oj = —dA, (I)\l = id, (1) 

where A is the canonical Liouville form. 

Let (xi, • • • ,Xn) be a local coordinate system on O C T, there is a canonical coordinates 

(xi,--- ,Xn,yi,' ' ' iVn) 

on T*0 = T*L\o. In terms of this coordinates the Liouville form can be written as 

A = y^yjdxj. 

Let TT : T*L —^ T be the canonical projection. There is a global dehned vector held W in T*L such 
that in the local coordinates of 7r“^(0), W can be written as 

^ r) 

= ( 2 ) 

i=l 
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Suppose that given a Riemannian metric on L, in terms of the coordinates xi,...,Xn, Ql = 

n 

^ gijdxidxj. It naturally induced a metric on T*L. Let 
*j'=i 



R is a global dehned vector field on T*L — L. 

Denote by (resp.i?i(0)) the Euclidean unit sphere (resp. the Euclidean unit ball). Con¬ 

sider the coordinates transformation between the sphere coordinates and the Cartesian coordinate 

^ : (0,1] X ^ Ri(0) 

^ {yi,-■ ■ ,yn)- (3) 


Consider the unit sphere bundle M and the unit ball bundle Di(T*L) in T*L, in terms of the 
coordinates (xi,--- ,yn) 

n 

,yn) G vr"^(0) I g^\x)yiyj = l], (4) 

*j=i 

n 

Bi(T*L)|^-i( 0 ) = {(xi,-- - ,x„,yi,--- ,y„) e vr"^(0) | ^ g^^{x)yiyj < 1}. (5) 

*j=i 


Denote A = —A |^. We have 

A = -||y||A. 

A is a contact form, i.e., (M, A) is a contact manifold. Put ^ = ker(A). Then X \^= ~ gf- 

is the Reeb vector field, and V \^= 

The map T induced a map T : (0,1] xM ^ Bi(T*L). Through T we consider Di(T*L)|^-i(q)—L 
as (0,1] X M. By Theorem 12.11 we consider M — L as 

M+ = M+ [J{(0,1] X M} 

with the symplectic form 

uj^ =-dA = \\y\\dX + d\\y\\ A X, (6) 

where M"*" := M — L and is a compact symplectic manifold with boundary. 

We choose the neck stretching technique. 

Let (j) : [0,oo) ^ (0,.^] be a smooth function satisfying, for any A: > 0, 

(1) (j)' < 0, 0(0) = £, (j){a) —)• 0 as a —>■ oo, 

(2) lim = 0. 

Through 0 we consider M+ to be M+ = Mq |J{[0, oo) x M} with symplectic form = w, 

and over the cylinder [0, oo) x M 


= —dA = 4>dX -|- (f)'da A A. 


(7) 
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Moreover, if we choose the origin of M tending to oo, we obtain M x M in the limit. 
Choose io < i and denote 


$+ = : [0,oo) (0,4]It/)' < 0} . 

Let ii < 4 be two real numbers satisfying 0 < ii < £2 < io- Let ^ 1^/2 be the set of all smooth 
functions 0 : M —(^i,4) satisfying 

(()' < 0, (/>(a) ii as a —)■ 00 , (?i>(a) ^4 as a —— 00 . 

To simplify notations we use to denote both <f>+ and ™ ease this does not cause confusion. 

We hxed (/> G $ and consider the symplectic manifold {Mq U{[0)Oo) x . For any different 

01 G we have ojfj)\^+ = and 0o is a symplectic diffeomorphic over cylinder part 

{(0,1] xM}. 

2.3 Cylindrical almost complex structures 

Let 

M+ = Mo+ y I [0, 00 ) X m| (8) 

be a symplectic manifold with cylindrical end, where M be a compact contact manifold with contact 
form A. Denote by the symplectic form of M+ such that = cu, and over the cylinder 

[0, 00 ) X M 

= —dA = (j)d\ + (f)'da A A. (9) 

We also consider M x M. Denote by N one of M'^ and M x M. 

Put ^ = ker(A), and denote by X the Reeb vector field dehned by 

\{X) = 1, d\{X) = 0. 

We choose a dA-tame almost complex structure J for the symplectic vector bundle (4 dA) — M 
such that 

^ (d\{x){h, J{x)k) + dX{x){k, J{x)h)^ , (10) 

for all X G M, h,k € defines a smooth fibrewise metric for 4 We assume that we can choose J 
such that on every periodic orbit LxJ = 0. Denote by LI ; TM ^ the projection along X. We 
define a Riemannian metric ( , ) on M by 

{h,k) = X{h)\{k)+gj{nh,Uk) (11) 


for all h,k £ TM. 

Given a J as above there is an associated almost complex structure J on M x M defined by 




''da' 


( 12 ) 
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where a is the canonical coordinate in M. It is easy to check that J dehned by (|12ll is Wi^-tame over 
the cylinder end. We can choose an almost complex structure J on M+ such that J is tamed by uj 
and over the cylinder end J is given by (1121) . 

There is a canonical coordinate system for M x M and for cylinder end of M^, but still there 
are some freedom of choosing the coordinates: 

When we write M~^ as ([8]) we have chosen a coordinate a over the cylinder part. We can choose 
different coordinate a over the cylinder part such that 

o = a + C (13) 

for some constant C > 0. Similarly, for M x M we can choose a such that 

a = a ± C (14) 

for some constant C > 0. 

For any (p € ^ 

=-{uj^{v,Jw)+uj^{w,Jv)) \/v,wGTN (15) 

dehnes a Riemannian metric on N. Note that ( , is not complete. We choose another metric 
{,) on N such that 

(,) = (, on M|+ (16) 

and over the tubes 

((a, v), {b, w)) = ab + X{v)X{w) + gjiUv, Uw), (17) 

where we denote by 11 : TM ^ the projection along X. It is easy to see that ( , ) is a complete 
metric on N. 

2.4 J-holomorphic maps with finite energy 

Let (S,z) be a compact Riemann surface and P C S be a hnite collection of puncture points. 

O O 

Denote E= S\P. Let u :S—^ be a J-holomorphic map, i.e., u satishes 

duo i = J o du. (18) 

O 

Following m we impose an energy condition on u. For any J-holomorphic map u :S—)• N and any 
0 G 4* the energy E^{u) is dehned by 

E^{u) = J (19) 

Let z = Qj^g computes over the cylindrical part 

u*u}(i) = {(pdX {{7ru)s, {7Tu)t)) — (p'{ai + o‘f))ds A dt, (20) 

O 

which is a nonnegative integrand. A J-holomorphic map u N is called a hnite energy J- 

holomorphic map if over the cylinder end 

sup < / u*ujtp \+ u*dX < oo. (21) 

[Jt. j Jt. 
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( 22 ) 


For a J-holomorphic map u : S —M x M we write u = (a, u) and define 

E{u) = [ u*d\. 

Jt. 


Denote 


Then 


E{s) = 


[ u*{d\). 
Jsi 


^ 1*00 /* 

E{s) = / / 

Js Js^ 

\uu 
Js^ 


Hutfdsdt, 


I'^dt. 


ds J gl 

Here and later we use | • | denotes the norm with respect to the metric defined by (1171) . 
The following two lemmas are well-known ( see m)- 


(23) 


Lemma 2.2. (1) Let u = {a, u) : C —)• M x M be a J-holomorphic map with finite energy. If 

Ji^u*{7r*dX) = 0, then u is a constant. 

(2) Letu = (a, u) : ExS*^ —)■ MxM he a J-holomorphic map with finite energy. If u*{'K*d\) = 
0, then (a, u) = {kTs -\- c,kt -\- d), where k G c and d are constants. 


Lemma 2.3. Let u = {a,u) : C — Di —M x M be a nonconstant J-holomorphic map with finite 
energy. Put z = Then for any sequence Sj —>■ oo , there is a subsequence, still denoted 

by Si, such that 

lim u{si,t) = xfikTt) 

i^QO 

in for some kT-periodic orbit x{kTt). 


2.5 Periodic orbits of Bott-type 

Let E <Z M he the locus of minimal periodic orbits with E = Ei, where each Ei is a connected 
component of E with minimal periodic Tj. We assume that 

Assumption 2.4. (1) every Ei is either non-degenerate or of Bott-type; 

(2) let Ei he of Bott-type, then there exists a free -action on Ei such that Zi = Ei/S^ is a 
closed, smooth manifold. Set Ui = dim(T'j); 

(3) for every periodic orbit x, there is a smooth submanifold Ikx M of dimension > 2 such that 
dA |s({^= 0 and x C 3?^; and the almost complex structure J can be chosen such that LxJ = 0 
along x. 

Let u = (a, u) : C — Di ^ M X M be a J-holomorphic map with finite energy. Put z = 

Assume that there exists a sequence s* —)• oo such that u{si,t) —> x{kTt) in C°°{S^,M) as 
f —)• oo for some k £ Z, where T is the minimal periodic. Following Hofer (see M) we introduce a 
convenient local coordinates near the periodic orbit x. Since 5^ = M/Z, we work in the covering 
space M —5^. 



Lemma 2.5. Let (M,A) be a {2n — 1)-dimensional compact manifold, and let x{kt) be a k-periodic 
orbit with the minimal periodic T. Then there is an open neighborhood U (Z x of x {0} 

with coordinates (??,wi,--- ,^ 2 ^- 2 ) open neighborhood O' C M 0 / {x{t)\t € M} and a 

diffeomorphism ip : U ^ Q mapping x {0} onto {x(i)|t € M} such that 

iP*X = gXo, (24) 

where Xq = dt) + Y1 Widwn+i-i and <7 : C/ —>■ R is a smooth function satisfying 

g{d,0) = T, dg{d,0)=0 (25) 

for alldeSK 

Remark 2.6. We call the coordinate system (■(?, w) in Lemma 1^.51 a pseudo-Darboux coordinate 
system, and call the following transformation of two local pseudo-Darboux coordinate systems 

(??, w)—)• (-i^jw), 'd = 'd-\-'do (26) 

a canonical coordinate transformation, where i9o is a constant. 

The following theorem is well-known (see [5l ll8l[32] l 

Theorem 2.7. Suppose that F satisfies Assumption \2.4\ Let u : C — Di ^ M x M be a J- 
holomorphic map with finite energy. Put z = Then 

lim u{s,t) = x{kTt) 

s—)-oo 

in C°°{S^) for some kT-periodic orbit x, and there are constants io, ido such that for any 0 < c < 
min{i, and for all n = (ni,n 2 ) G 

\d'^[ais,t) - kTs - io]\ (27) 

|(9"[i?(s, t) — — i?o]| < (28) 

|a"w(s,t)| (29) 

where are constants. Here (i?,w) is a pseudo-Darboux coordinate near the periodic orbit x. 

Let Xo be a minimal periodic orbit. We choose a local pseudo-Darboux coordinate on an open 
set O' C M near Xq- Let O be an open set such that O C 9 is compact and Xo C O. We fix a positive 
constant C. Denote by © the class of J-holomorphic maps with finite energy u : [sq, 00 )x 5^ —RxM 
satisfying 

(i) sup 0 g$^i 0 (u) < ^h, where H is the constant in Theorem 15.21 and Lemma [5l3l 

(ii) lims^oo S(s, t) = x{kTt) in C°°{S^) with x C O, 

(iii) rt([sQ,oo) x 5'^) lie in the pseudo-Darboux coordinate system on O', 

(iv) there is a ball Di(so,to) © [■SojCo) x 5^ such that M(Di(so,to)) © O and |a(Di(so, to))| < C. 
In our next paper |19j we will prove the following theorem. 
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Theorem 2.8. Let u € &. Then the constants in Theorem \2.7\ depend only on Ci, sq, C, n, h, 
c and O. Moreover, we have 


141 < 

where Ci depends only on H, Cn, c, sq; C and O. 

Following m we introduce functions 

a‘^{s,t) = a{s,t) — ks, 'd^{s,t) = 'd{s,t) — kt. 


Denote 

£ = (a^,r). 

Set bi = 0, 6 „_i+i(w) = Wi,\/ i = 1, • • • , n — 1, and 


ej = 


d d 

dwi 


i = 1 , • • • , 2 n — 2 . 


(30) 


(31) 

(32) 


Then ^ =span{ei, • • • , e 2 n- 2 }- Denote Je* = ^ JijCi. In the basis d^, ei, • • • , e 2 n- 2 , the Reeb vector 
field can be re-written as 


^ — —< 9 i 9 H —o 


'y ^ 'y 4 ^—n-|-l(ff)6i 


, i<n—l 


i>n 


(33) 


Let X = -^{Cng, • • • , e 2 n- 2 g, -eig, • • • , -Cn-ig). By ([HD, we have 


£g J£i — -|- (/w^ -|- — cige/X — 0. 


where 


h = {Tbi{w){wi)t + {dt + T.bi{w){wi)t){T.fiWi),-J:bi{w){wi)s - {dt + Tbi{w){wi)s){^fiWi)) 
and fi = dujig{d,Tw)dT. Let V = £t and g = ht. Denote 

E{£)= J \\£sf+ \\£tfdsdt. (34) 

In our next paper m we will prove the following theorem. 

Theorem 2.9. Suppose that M satisfies the Assumption \2.4\ Let u : [—R, R] x ^ M x M be a 
J-holomorphic maps with finite energy. Assume that 

(i) sup E^{u, —R < s < R) + E{£) < ^h, 

(a) m([—R, R] X S^) lie in a pseudo-Darboux coordinate system (??, w) on O', 

(Hi) H l|V'^w(-R, •)||l 2 ( 51 ) < C 2 , E IIV'"'u(R,-) 142 ( 51 ) < C 2 , where n = (ni,n 2 ), 

ni,7L2<2 ni,n2<2 

Then there exist constants Ci > 0 and 0 < c < ^ depending only on J and C 2 such that 

|Vw|(s,t) <Cie-^(^-l"l), |V£| V|s|<R-l, (35) 
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In this paper, we also need the following implicit function theorem (see [23]). 

Lemma 2.10. Let X and Y be Banach spaces, U <Z X he an open set, and i be a positive integer. 
If F : U — > Y is of class . Let xq ^ U he such that D := dF{xo) : X —> Y is surjective 
and has a hounded linear right inverse Q : Y —)• X. Choose positive constants hi and C such that 
IIQII < C, Bn,ixo,X) c U and 

\\dF{x) - D\\ < ^, (36) 

where i?;i^(xo) = {x G X| \\x — xo|| < hi}. Suppose that xi ^ X satisfies 

ll-^(a;i)ll < Iki - a;o|| < y■ (37) 

Then there exists a unique x £ X such that 

F{x) = 0, x — xi&ImQ, \\x — xo\\ < hi, ||x — xi|| < 2C'||F(xi)||. (38) 

Moreover, write x := xq + C + Q o /(O; ? ^ kerD, then f is of class C^. 


3 Weighted sobolev norms 


Consider M x M and = Mq (J |[0,oo) x m| . Let N be one of M x M, M+. Suppose that 
S = (J is Riemann surface with nodal points {gi,--- , 9 a}, puncture points {pi,--- ,Pu} and 

V 

u : S —> U is a continuous map such that the restriction of u to each smooth component is 
smooth, where |J Ni denotes the union of some copy of N. We choose cylinder coordinates {s,t) on 
S near each nodal point and each puncture point. We choose a local pseudo-Darboux coordinate 

O 

system near each periodic orbit on N. Let T,= L — { 91 , • • • , 9 a,Pi, • • • ,Pu}- 


Over each tube the linearized operator takes the following form 


D 


U 




Bj + s. 


(39) 


By exponential decay we have 


Qk+l 


ds^dT 


S 


< Ckie 


for some constant Ck,i > 0 for s big enough. Therefore, the operator Hg = Jo-§i + S converges to 
Hoo = '7o^- Obviously, the operator Du is not Fredholm operator because over each puncture and 
node the operator Hoc = kas zero eigenvalue. The ker77oo consists of constant vectors. To 
recover a Fredholm theory we use weighted function spaces. We choose a weight a for each end. 
Fix a positive function IT on S which has order equal to e“kl on each end, where a is a small 
constant such that 0 < a < c and over each end F7oo — a = — a is invertible. We will write 

the weight function simply as e“kl. Denote by C'(S; u*r(lj Ni)) all tangent vector fields h on |J iVj 
along u satisfying 


(a) hGC\T,u*T{ljN,)), 


(b) the restriction of h to each smooth component is smooth. 
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For any section h E C{T,;u*T{\J Ni)) and section r] E A^j)) we define the norms 

\ i/p _ / r _ . . _ _ \ V 2 


l,p,a 


|p,« 


E 


+ 




\ i/p / /■ \ 

^ e2“l*l(|h|2 + \Vh\^)dfij 




( 40 ) 


(41) 


for p > 2, where all norms and covariant derivatives are taken with respect to the metric ( ) on 
ti*T(|JiVj) dehned in (fT71) . and the metric on S. Denote 


C(S; n*r(|J Ni)) = {h e C(S; «*r(|J Ni))- ||h||i,p,„ < oo}, (42) 

C{u*T{[J Ni) ® aO’^) = {r? E n°’\u*T{[J Ni)); ||r/||p,„ < oo}. (43) 

Denote by Ni)) and LP^'^{u*T{[j Ni) ® A°’i) the completions of C(S; 7x*r(U A^O) 

and C(ri*T(|J A^j) (8) A^’^) with respect to the norms ()40p and ()4ip respectively. Then the operator 
Du ■ kF^’P’" —>• LP'°‘ is a Fredholm operator. 


For each puncture point pj,j = let hjo E {Tp^{F^.) 0 (span{^}). For each bounded 

nodal Qi, denote Hq. = Tg^N, let E Hq.; for each unbounded nodal qi, denote Hq. = 

{Tq^{Fi.) 0 {span{-^}) and let £ Hiji) where u : S —)• Ai converges to kT periodic or¬ 

bit x{kTt) C Fi- as z -/ qi. Put El = ^0}'=i(rpj(T}^) 0 (spore{^})^ 0 (0)Li]HIqJ), /iq = 
(hio, •••, Ko, ^(l+i/)0j •••) ^{'3+u)o)- 

ho may be considered as a vector field in the coordinate neighborhood. We fix a cutoff function 


P- 

pis) 

where d is a large positive number. Put 


1, if |s| > d, 
0, if |s| < f 


ho = pho- 


Then for d big enough ho is a section in u*TN) supported in the tube {(s, t)||s| > t E 5^}. 

Denote 


y^l.P,a = {/j + g W^'P’^, ho E Hj. 


We define the weighted Sobolev norm on by 

||(^, ^o)||s,l,p,a = ||h||s,l,p,a 0 |ho|. 

Obviously, the operator '■ —)• is also a Fredholm operator. 


4 Moduli spaces of J-holomorphic maps 

4.1 Boundary conditions 

Consider the symplectic manifold with cylindrical end 

M+ = Mo+ IJ I [0, oo) X m| . 
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Let ((S,j);y, p) be a connected semistable curve with m marked points y = {yi,...,ym) and ly 

d 

puncture points p = {pi, ...,pu), and u : S —>• M+ be a J-holomorphic map. Let S = (J 

V=1 

where is a smooth Riemann surface and vr^ : —)• S is a continuous map. To describe the 

boundary conditions we consider two different cases separately: 

Case A . Moduli space of J-holomorphic maps in contact geometry. 

Definition 4.1. Let p = (pi, • • • ,pjy) be the puncture points. We assign two weights (k, e) to p.’ 

(1) k-.p —Z>o assigning a ki to each puncture point pi, denote k = (/ci, • • • , k^)- 

(2) e : p —)• Z>o assigning a number t\, I < < I to each puncture point pi. 

We call a J-holomorphic map u satishes (k, e) boundary condition if 

u{z) converges to a ki ■ Tc^-periodic orbit x{ki ■ T^^t) C J^ci -z tends to pi. 

Case B. Moduli space of J-holomorphic maps in (M,L). 

As we show in section 1)2.21 that M — L can be considered as M~^ = Mq |[0, oo) x m| . Let 
[ci],i = 1, • • • , a is a bases in Hi{L; Z). 

Definition 4.2. Let p = (pi, • • • ,pu) be the order puncture points. We assign a weight ~jl to p; 
7t : p —>■ Z®g assigning a pi = Yld=i ^ac/i puncture point pi, where pu G Z. Choose 

the cylinder coordinates {si,ti) near pi. We call a J-holomorphic map u satisfies (jt) boundary 
condition if u satisfies 

[7r( lim u{si,S^))] = pi, J 1 < i < n, (44) 

Sj—)-oo 

where vr : T*L —)• L is the canonical projection. 


4.2 Homology 

We fix A G Z) satisfying dA = ^[x{kiTifi)], where x{kiTf.J) C J^ci is a kiT^.^ periodic 

orbit. Consider a J-holomorphic map u satisfying 

K(S)]=A (45) 

We show that the homology class A give a bound of Energy. To simplify notation we let (tt, (S, j), y,p) 
be a J-holomorphic map converging to a /cT-periodic orbit x{kTt) as z tends to p, where x{kTt) 
lie in and T is the minimal periodic. For the case A, by the assumption (3) of J", we construct 
a connected surface W CiR-x with boundary xfikTt) ( including the /cT-periodic). Then tt*(S) U W 
is a closed surface in M® and 

K(S)U W] G 

Denote A = [tt*(S) U W]. By = 0 and W C M we have 

uj{A) = f 00 I oo = E^{u) I d\ = E^{u). (46) 

JuJT,) Jw Jw 

Let W' C IRx be another surface with boundary x, denote A' = [u*(S) U W'] G Jf^(M+;Z). We 
have a;(A) = a;(A') = E^{u), that is, Eif,{u) is independent of the choice of W in 

For case B let A G H‘^{M,L-,'L) be a fixed homology class satisfying dA = ^ pi. We have the 
same results. 
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4.3 Holomorphic blocks in M+ 

Let ((S,j);y, p) be a connected semistable curve with m marked points y = (yi, and v 

puncture points p = {pi,...,pu)- Let u : S —)• M"*" be a J-holomorphic map. Suppose that u{z) 
converges to a /cj • Tc.-periodic orbit x{kiT^^t) C as z tends to pi. 

Definition 4.3. A J-holomorphic map (u; ((S,j),y,p)) is said to he stable if for each v one of the 
following conditions holds: 

(1) . no 7rE„ : is not a constant map. 

(2) . Let val.u be the number of special points on which are nodal points, marked points or 

puncture points. Then valv + 2gy > 3. 

Definition 4.4. Two stable J-holomorphic maps L = (u, (S, j), y, p) and L = (u, (S, j), y, p) 
is called equivalent if there exists a diffeomorphism (/? : S —> S such that it can be lifted to bi- 
holomorphic isomorphisms '■ {Tiv,jv) for each component ofT,, and 

(1) TiVi) = Vi, T{Pj) = Pj for any 1 <i <m, 1 < j <iy, 

(2) uo ip = u. 

(3) near every periodic orbit x, u and uo ip may differ by a canonical coordinate transformation 

(IMl). 

Definition 4.5. Put 

Aut{u; ((S,j),y,p)) = {(/>: S is an automorphism satisfying (1), (2) 

and (3) in Definition \4.4\} - 

We call it the automorphism group o/(tt; ((S, j), y, p)). 

The following Lemma is obvious. 

Lemma 4.6. A J-holomorphic map (u; ((S, j),y, p)) is stable if and only z/((S, j), y, p)) 
is a finite group. 

Denote by ,C, g,m + y, p, (k, c)) the moduli space of equivalence classes of all J- 

holomorphic curves in M~^ representing the homology class A and satisfying (k, e) boundary con¬ 
dition. 

Fix A £ H'^ {M, L] 7j), denote by L] g, m i',y,p,ft) the moduli space of equivalence 

classes of all J-holomorphic curves in M"*" representing the homology class A and satisfying (ft) 
boundary condition. 

Lemma 4.7. There is a constant C > 0 depending on A and k such that for any b = (u; (S, j), y, p) £ 
MA{M+,C,g,m-\- V, y, p, (k, e)) we have, over the cylinder end, 

E^{u) + J u*dX<C. (47) 
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Proof. By the Stokes formula we have u*d\ < cylinder end. Then the 

lemma follows from (j46p □ 

Similarly, we also have 

Lemma 4.8. There is a constant C > 0 depending on A and such that for any b = {u] (E, j),y,p) G 
A4a(T/, L-,g,m + n, y, p, ft) we have, over eylinder end, 

E^{u) + [ u*dX<C. (48) 

JT, 

We call C,g,m + n, y, p, (k, e)) a holomorphic block in M+. 

Let b = (u; (S, j), y, p) G M.a{M^, C,g,m + n, y, p, (k, e)), Du : be a Fredholm 

operator with ind = dim{kerDu) — dim[cokerDu)- Put 

IndP = ind + Q{g — 6 ) + 2{m + v). 

The virtual dimension of M-a{M~^, C,g,m + n, y, p, (k, e)) is Ind^. 

Similarly, let 6 = (u; (S,j), y, p) G A4yi(M, L; fl', m + y, p, 7^). Suppose that lim u{sj,S^)G 

Sj—^OO 

Ti. and 

[ 7 r( lim M(sj,5^))] = pj, V 1 < j < i/. (49) 

Then Du '■ —)• be a Fredholm operator with ind = dim{kerDu) — dim{cokerDu)- Put 

Ind^ = ind + 6(5 — 6 ) + 2(m + v). 

The virtual dimension of M.a{^, D,g,m + u, y, p, ~jl) is Ind^. 

It is possible that there are finite many combinations such that (I49p holds. In this case A4.a{M, L; g, m+ 
V, y, p, ft) is the union of some Ma^M'^, C,g,m + v, y, p,.). 

Remark 4.9. As we mod the 5^ aetion on every periodie orbit of Reeb veetor field, the situation 
is very similar to the sympleetie eutting. For example, let b = {u]E,j,p) G AiA{M~^,C; g,m + 
l,(A:,ei)). Roughly speaking : 

We eollapse the S^-aetion on the orbit x{kTf,-^t) at infinity to get a “manifold” M~^, loeally , 
sueh that is a “submanifold” of M~^, choose a loeal pseudo-Daubaux eoordinate (a, 1 ?, w) around 
x{kT^^t). Our estimates ([27p . (l28p . (|2^ show that the puneture point p can be “removed”, we get 
a J-holomorphic map u from S into M"*". The eondition that u converges to a k-multiple periodic 
orbit at p is naturally interpreted as u being tangent to at p with order k. 

We will study the local geometry in other paper. 

4.4 Holomorphic blocks in M x M 

Note that the space M.a{M~^, C; g,m-\-u, (k, e)) is not large enoi^h to compactify the moduli space 
of all J-holomorphic maps into M"*", we need consider A4yi(M x M, C; (k“, e“), (k”^, c"*")), which will 
be studied in this section. 

Let ((S, j); y, p"*", p“) be a connected semistable curve with m marked points y = {yi,...,ym) 
and puncture points p'*' = {pf, ■■■,p^+), p~ = {pf, and u:S—)-MxMbeaJ- 

holomorphic map. Suppose that u{z) converges to a • T^±-periodic orbit C as z tends 
to pf. 
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Similar to the situation of relative invariants, there is a M action, which induces a M-action on 
the moduli space of J-holomorphic maps. We need mod this action. Since there is a vector field X 
with |X| = 1 on M, the Reeb vector field, there is a one parameter group (po action on M generated 
by —X. In particular, there is a S'^-action on every periodic orbit, corresponding to the freedom 
of the choosing origin of S^. Along every periodic orbit we have Lx A = 0. Recall that by (3) of 
Assumption [231 LxJ = 0 along every periodic orbit. We can mod this action. 

Definition 4.10. Two J-holomorphic maps F = (u, (S, j), y, p'*’, p“) and T = {ii, (S, j), y, p^, p”) 
are called equivalent if there exists a diffeomorphism ip : T, ^ such that it can be lifted to 
bi-holomorphic isomorphisms —)• for each component o/S, and 

(1) p{yi) = yi, p(p^) = Pj^, p{pj) = Pr for any I < i < m, I < j < , I < I < u and 

uo p converges to the same periodic orbit x,± at z tends to pf] 

(2) a o p = a C, uo p = u for some constant C; 

(3) near every periodic orbit x, u and uo p may differ by a canonical coordinate transformation 

(ESI). 

Definition 4.11. A J-holomorphic map (u; ((S, j), y, p)) is said to he stable if for each v one of 
the following conditions holds: 

( 1 ) . .L(uo TTsJ / 0, 

(2) . Let valy be the number of special points on which are nodal points, marked points or 

puncture points. Then valy + 2gy > 3. 

Definition 4.12. Put 

Aut{u; ((S,j), y, p^,p“)) = {(?!) : S —>• S|(/) is an automorphism satisfying (1), (2) 

and (3) in Definition \4.10^ . 

We call it the automorphism group o/(tt; ((S,j),y,p''',p“)). 

For any A S x M, 3?; Z) we define d\{A) as following: let u : R x 5^ ^ M x M be a C°° 

map such that [u(R x S^)] = A, we define dX{A) := SI v*{d\). 

We fix A S Ff^(R x M, 3?; Z) and = {k ^,..., A:^±), = (ef,..., ) satisfying 

d\(A)^Y.>‘t -p-Y-K -T,-. (50) 

i=l i=l 

We define A1^(R x M,g,m -\- , (k“, e”), (k+, e'*')) to be the space of equivalence classes 

of all stable J-holomorphic maps in R x M representing A and converging to a -T ±-periodic orbit 

__ 

Xu± C J" ± as z tends topf. For any (u, S, y, p”*", p“) G A1 a(Rx Af, g, mX-u^-\-u~, (k~, e“), (k”*", e"'')), 
by Stoke’s formula we have 

« u~ v~ 

d\(A)= / u*<!A = J^A(J:+i+)-^A(fcrxr) = ^t+.r,+ - 

i=l 1=1 i=l i=l 

We call A1 a(R x M,C] g,m-\-i'~^ , (k“, e“), (k+, e+)) a holomorphic rubber block in R x M. 
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Remark 4.13. Let C S 6e a smooth connected component of S. Suppose that lie in 

a compact set C M x M. Then every nodal point of is a removable singular point. As 
LVfj, = d{(f)X) we conclude that E^{u) ls„= 0, then is one point, then E{u) |s^= 0. 

4.5 Local coordinate system of holomorphic blocks 

b = {u, S, y, p”^, p~) S AAaO^xM,C] g, +h'~, (k~, e“), (k+, e^)), and h S tt*T(Mx 

M)) such that Du{h) = 0. Under the transformation 

a = a + C (51) 

and the canonical transformation of local pseudo-Daubaux coordinate system 

?? = (52) 

h is invariant ( see subsection ^7.1.21 Case 2 below), so we can view h as a element in T 6 (Alyi(lK x 
+ (k~, e“), (k"'', e"'')). We assume that Du is surjective. Let ei,...,ea be a base 

of kerDu- Then for any h G kerDu we have h = Let tci, ..■,Wd be the local coordinates of 

■^g,m+v++v- around S, where d = Qg — & + 2{m + + i>~). Then the (rci, .■.,Wd, xi, ...,Xa) is a 

local coordinate system of Alyi(l^ x M,C] m + (k", e“), (k+, e+)). 

Similarly, let b = (u, S,y, p+) G ,0] g,m + n, (k,t)), h G >V^’^’’“(S, u*T(M+)) with 

Du{h) = 0 , we view /i as a element in Tb{M.A{M^, C] g,m + n, (k, e)). Assume that Du is surjective. 

We can choose a local coordinate system in around S together with a coordinate system 

in kerDu as a local coordinate system of AiA{AI^, C; g,m + n, (k,e))- 

5 Compactness theorems 

We will use Li-Ruan’s Compactification to our setting. Roughly speaking, the idea of Li-Ruan’s 
Compactification is that firstly let the Riemann surfaces degenerate in Delingne-Mumford space 
and then let M+ degenerate compatibly. We will give a detail description of the Li-Ruan’s idea 
and give the definition of the stable compactification using language of graphs. This is one of the 
key parts of this paper. 

5.1 Bubble phenomenon 

The proofs of the following two theorems are standard (see m)- 

Theorem 5.1. There is a constant h> 0 such that for every J-holomorphic map u = (a,tt) : C ^ 

M X M with finite energy, 

(1) if E^{u) / 0, we have Efj,{u) > h; 

(2) if E{u) 7 ^ 0, we have E{u) > h. 

Theorem 5.2. There is a constant h > 0 such that for every J-holomorphic map u G Alyi(I^ x 
M, C; 5 , m-|- (k“, e“), (k+, c"'')) with finite energy, if E{u) 7 ^ 0, we have 

U~ 

b«) = EL-E 

i=l i=l 
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Let r« = («W,SW;yW,p«) G MA{M+,C,g ,m + (k, e)) be a sequence. Then there is a 

constant C > 0 such that 

E{u^^) + < C Vi. 

Suppose that is stable and converges to (S; y, p) in Mg^m+v On a neighborhood 

of (S;y,p) in M.g^rn+y we construct a smooth family of metrics on each y*^*\ p*^*)) such that 

near each marked point the metric is the Euclidean metric on disc in C, and near each nodal point 
the metric is the standard cylinder metric. 

5.1.1 Bound of the number of singular points 

Following McDuff and Salamon [23] we introduce the notion of singular points for a sequence 
and the notion of mass of singular points. We show that there is a constant h > 0 such that the mass 
of every singular point is large than h. Let g be a singular point and G —)• q. In case 

y(*)(gi(*)) g the argument is standard (see [23]). We only consider E over the cylinder end. Since 
the metrics near nodal points are the standard cylinder metrics, we have, in the cylinder coordinates 
C — points}, where Hi= {(s^^tW) | (gh)_ 5 W(gi(*))^ 2 _j_^^(i)^ 

1}. We identify with 0 and consider J-holomorphic maps n^®^ ; Hi(0) —)• N. 

The proof of the following lemma is similar to Theorem 4.6.1 in [23|. We give the proof here 
for the reader’s convenience. 

Lemma 5.3. Let n^®) : Hi(0) —>• M x M he a sequence of J-holomorphic maps with finite energy 
such that 

supE(n*'®^) < oo, |dn^®^(0)| —)■ oo, as i ^ oo. 
i 

Then there is a constant h > 0 independent of such that, for every e > 0 

liminfH(nW;He(0)) > h. (53) 

i^OQ 


Proof: Consider the function 


fW(z) = \du^^^{z)d‘^{z,dDi{0)) 


where d{z,dDi{0)) denotes the distance from 2 : to 5Hi(0) with respect to the standard Eucildean 
metrics. Obviously, attains its maximum at some interior point q* G Hi(0) and lim E^®^(g*) = 

i—^oo 


00 . Set 6i = ^d{q*,dDi{0)). Then for any q G Dsfiq*), 


|dn(®)|(g)<4|dn«|(gn :=4A. 


Consider the re-scaling sequence 

v<->a) = «(•> + Ej 

As lim Efiq*) = 00 , we have lim 6iAi = 00 . Then in D^.a^Q) 

i^OQ 2—)-00 ^ ^ 

sup|du«| < 4, |du«|(0) = 1, E{v^^,Ds,aM) = 
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By choosing a subsequence we conclude that Vi locally uniformly converges to a nonconstant J- 
holomorphic map with finite energy v : C —> M x M. Then the lemma follows from Lemma l5.II 


□ 


Recall that N denotes one of M"*" and M x M. By Lemma [53] we conclude that the rigid singular 
points are isolated and the limit 

rrieiq) = 1™ (e, h^)) 

2—>CX) ^ 

exists for every sufficiently small e > 0. The mass of the singular point q is defined to be 

m{q) = WuimAq). 
e^O 


Denote by P C S the set of singular points for the double points and the puncture points. 
By Lemma 15.31 and (j46|) . P is a finite set. By definition, is uniformly bounded on every 

compact subset of S — P. By a possible translation along M and passing to a subsequence we may 
assume that converges uniformly with all derivatives on every compact subset of S — P to a 
J-holomorphic map u : T, — P ^ N. Obviously, u is a finite energy J-holomorphic map. 

We need to study the behaviour of the sequence near each singular point for . Let q € T, 
be a rigid singular point for We have two cases. 

(a) q £ S — {nodal points}. We consider J-holomorphic maps : Pi(0) —)■ N. 

(a-1) there are e > 0 and a compact set K C N such that {D^{q)) C K. 

(a-2) g is a nonremovable singularity. 

(b) q £ {nodal points}. In this case a neighborhood of q is two discs Pi(0) joint at 0, where 
Pi(0) = {|z|2<l}. 

For (a-1) we construct bubbles as usual for a compact symplectic manifold (see [2511251128] 1. We 
call this type of bubbles (resp. bubble tree) the normal bubbles (resp. normal bubble tree). 

5.1.2 Construction of the bubble tree for (a-2) 

We use cylindrical coordinates z = write 

n^®^(s,t) = (a^®^ (s, t), (s, t)) 

u{s,t) = {a{s,t),u{s,t)). 


Note that the graduate \du^^'l\ depends not only on the metric <,> on N but also depends 
on the metric on S^®). The energy don’t depend on the metric on S^®). To construct bubbling in 
present case it is more convenient to take the Euclidean metric on the disk Pi(0) and pullback 
to the coordinate (s,t) through z = ^ Obviously, if g is a singular point with respect to 

the cylinder metric, then it is also a singular point with respect to the disk metric. 
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By Theorem 12.71 we have 


lim u{s,t) = x{kTt) 

s—)-oo 

in where x{ , ) is a /cT-periodic orbit on M. Choosing e small enough we have 

\m^{q) - m{q)\ < ^min{^,r} 

For every i there exists (5* > 0 such that 

.F(uW;i:>5,(0)) = m{q) - ]^Ta.\n{h,T}, (54) 


where T is the minimal positive periodic. By definition of the mass m{q), the sequence 5i converges 
to 0. Since converges uniformly with all derivatives to u on any compact set of Tle(O) — {0}, 5i 
must converge to 0. Put 


= s + logdi, = t for 

> 2Ro. 

(55) 

flW =a-kT{-logdi). 


(56) 

Define the J-holomorphic curve u(*)(s,t) by 



u(*^(s,t) = (aW(s,t),FW(.s,t)) = logJj + s,t) - kT{- 

- log (- log 6i + s, t)) . 

(57) 


Lemma 5.4. Suppose that 0 is a nonremovable singular point of u. Define the J-holomorphic map 
as above. Then there exists a subsequence (still denoted by J such that 

(1) The set of singular points {Qi, • • •, Qd} for is finite and tame, and is contained in the disc 

L>i(0) = {z\\ z \< 1}; 

(2) The subsequence converges with all derivatives uniformly on every compact subset of 

C\{Qi, • • •, Qd} to a nonconstant J-holomorphic map v : C\{Qi, • • •, Qd} —>■ M x M; 

(3) E{v) > |min{h, T}; 

(4) .F(u) + = m(0). 

1 

(5) lim u{s,t) = lim v{s,t). 

S^OO g^—QQ 


Proof: The proofs of (1), (2) and (4) are standard (see [23]), we omit them here. The proof of 

(5) will be given in our next paper (see [H]). We only prove (3). 

(3) Note that 


L 

log Si,S^) 


i 

Ju(0(^— loge,5i) 


E{u-, — log e < s < — log 6i) 


-min{h, r}. 


(58) 


Since lim u{s,t) = x{kTt) we have 

S^OO 


L 

J (— log e,S^) 


kT 


< - min{h, r}. 
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when e small enough and i big enough. Then by the locally uniform convergence of 


□ 


E{v) > 


kT- 


ho,si) 


> - mm{h, T}. 

O 


( 59 ) 


We can repeat this again to construct bubble tree. 

We introduce a terminology. Let Si and S 2 join at p, and Uj : Sj ^ R x M a map. Choose 
holomorphic cylindrical coordinates zi = on Si and Z 2 = (•§ 2 )^ 2 ) on S 2 near p respectively. 

Suppose that 

lim u{{si,ti) = xi{kiTiti) 

s\^—oo 

lim U 2 (s 2 ,t 2 ) = X 2 {k 2 T 2 t 2 ). 

S2^+oo 

We say ui and U 2 converge to a same periodic orbit, if ki = k 2 , and in the pseudo-Daubaux 
coordinates (a,-!?, w), (see Lemma [23]) w(xi) = w(x 2 ) (in this case Ti = T 2 holds naturally). 


5.1.3 Construction of bubble tree for (b) 

Let S = Si A S 2 , where Si and S 2 are smooth Riemann surfaces of genus gi and §2 joining at 
q. Let zi , Z 2 be the local complex coordinates of Si and S 2 with zi{q) = Z 2 {q) = 0. Recall that a 
neighborhood of Si A S 2 S M.g^m+u is given by 

Z 1 Z 2 = w = w eC, 

where R = 2Zr, I E We will use (r, r) as the local coordinates in the neighborhood of S E 
Let 

zi = , .^2 = _ 

{si,ti) are called the holomorphic cylindrical coordinates near p. In terms of the holomorphic 
cylindrical coordinates we write 


51- {p} = Sio|J{[0,oo) 

52- M = S2o1J{(-oo>0] 

51 = 52 + 2lr (60) 

^1=^2 + T. (61) 


Then S(^) ^ Si A S 2 as r —)• 00 in the Aig^m+u- 

We consider the case that ; Si®i —)• Ai is a sequence of J-holomorphic maps, where S^®) := 
S(,„),g(®)eS(®),g(®)^g. 

Without loss of generality we assume that there is a subsequence, still denoted by i, such that 
|5i*^(g*'®^)| < /ri®i. In this case we may identify a neighborhood of in S^®) with Ili(O) \ Zlg(i) (0) C 
Si, where lime*-®^ = 0. The sequence u^®^ is considered to be a sequence of J-holomorphic maps from 
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Z)i(O) \ Dg(i)(0) into N, and G -C*i(0) \ gW q. In terms of the cylinder coordinates 

we can identify the coordinates in with the coordinates (si,ti) of Si. 

By Theorem 12.71 we have 

lim u(si,ti) = x(A:Tti) 

Sl^CO 

in C°°{S^), where x( , ) is a /cT-periodic orbit on M. Choosing e small enough we have 

\me{q) - m{q)\ < ^min{h,r} 

For every i there exists Si > 0 such that 

E(u^'^;Ds^(0)) =m{q) (62) 

where T is the minimal positive periodic. We choose a smooth conformal transformation -0^*^ ^ 
S(*) —>• S(*) such that 

(63) 

for > 2Ro (64) 

where i.e., 

^(*) _ gh) _|_ logSi = Si + logSi, = ti for |s(*^| > 2i?o- (65) 


We call coordinates rescalling of Riemann surface a P-rescaling. In our present case we need not 
only a P-rescaling, but also a translation along M, called a T-rescaling. We call such composition 
a PT-rescaling. Put 


a(®) = a-kT{-log Si). 

(66) 

Define the J-holomorphic curve u^®^(s,t) by 


II 

II 

(67) 


(^a(®^(-log(5i + s,t) - kT {-log Si), log Si + s,t)^ . 

By the same argument as in subsection T5.1.2l we construct a bubble S'^ with E{v) | 52 > | min{h, T} 
or E{v) | 52 > ^min{h,T}, inserted between Si and S 2 . The same results as Lemma 15.41 still hold. 

We can repeat this again to construct bubble tree. 

5.1.4 For the case of genus 0 

Let rW = (uW,S«;yW,pW) G MA{M+,C,g, m + z/, y, p, (k, e)) be a sequence. Let S^®) = 
s(,*\ Assume that there is one component of S^®) that has genus 0 and is unstable. Let S^®^ 
is such a component. We identify S^®^ with a sphere and consider u^®) : ^ N. We discuss 

several cases: 

1). u^®^ I 52 has no singular point. Then ||Vtt^®^ I 52 || are uniformly bounded above. As (u^®\ y 6 ), p(®)) 

is stable, E{u^^'>) | 52 > h or E{u^^'>) \ 52 > h. Then u^®) I 52 locally uniformly converges to u I 52 with 
E{u) | 52 > h or E{u) | 52 > h, so {u; S'^) is stable. 
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2) . 5^ joints with at a nodal point q. Then the number of the special points, including the 
marked points and the puncture points, is < 1. 

2a) There is one singular point p and one special point X . 

(2a-l) p^ q and p ^ X, 

(2a-2) p = X ox p = q 

2b) There are two singular points pi,P 2 - 

(2b-l) Pi^q and p2 / q, 

(2b-2) Pi = q ox p2 = q. 

2c) There is only one singular point p and no special point. 

3) . S‘^ joint with and at qi and q2 respectively. There is only one singular point p. 

(3a) pj^qi and p / q2, 

(3b) p = qiox p = q2, 

For the cases (2a-l), (2b-l), 3a) we construct bubble tree at singular points as in subsection 
^5.1.2l to get a stable map {u,S^). For the cases (2a-2), (2b-2), 2c) and (3b) we forget the map 
1^2 and contract as a point, then we construct a bubble as in subsection subsection ^5.1.31 
By (3) of LemmaEUwe get a stable map {v, S'^). We can repeat the procedure to construct bubble 
tree. 


5.2 T- rescaling 

Let F« = (7xW,S«;yW,pW) G MA{M+,C,g ,m + i 2 ,y,p, (k, e)) be a sequence. If there is some 
of genus 0, we treat it as in subsection 15.1.41 In the following we assume that p^®)) is 

stable and converges to (S;y, p) in Aig^m+u- 


Note that we have fixed the degeneration of Riemann surfaces now, we are concern with the T- 
rescaling. We explain our procedure of 7~-rescaling. We discuss maps into M+, for maps into Mx M 
the situation are the same. 

Let S be a Riemann surface with 12 puncture points p = {pi, ...,pu). We choose holomorphic 

O 

coordinates near pi. Let tt : S —)• M+ be a J-holomorphic map. Denote u = {a,u). Suppose 

that 


lim 

|Sj I^CXD 


u{Sj,tj) 


x{kjT,.tj) 


in C°°{S^) for some /cj-Tc^-periodic orbit x{kjT^^t). For each j we choose a local pseudo-Darboux 
coordinates (aj,??j,Wj) near pj such that x{kjT^.tj) = {kjT^^tj + 'djD,{)) for some constant Note 
that for any 0 < l,j < 12 , 

fl/ = Oj + Cij , 


where Cij are constants. 

For simplicity, we consider the case as in Figure 1, the other cases is similar. Let S = IJj=i 
where each T,j is a smooth connected component. Let Tj C T,j — P be compact sets, where P C S 
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denotes the set of singular points for the double points and the puncture points. Denote 
/ = {1, • • • ,6}. We write 



Figure 1: 


For each j G /, Tj* C converges to Tj. We hx points Zj G Tj. Suppose that Zj G Tj is a 
sequence of points which converges to Zj. Without loss of generality, we assume that 


( 1 ) 


< min 


jeAfi} 


W(#) , Vi, 


(2) sup aW(z| 




< oo, 


Restricting to Ti, uniformly converges to a map ui. For any compact K C Tii — P, also 
converges to ui. Then u is naturally defined on Si — P. 


For S 2 we consider two different cases: 


Case 1. supj 


a^®^(z 2 *^) < 00 . Restricting to T 2 , u*-®^ uniformly converges to a map U 2 - Then 


U 2 is naturally dehned on S 2 — P. Then (ui; Si, yi, pi) and (^ 2 ; S 2 , y 2 , P 2 ) are belong to the same 
holomorphic block in M~^. 

Case 2. lim = 00 . In this case we take a coordinate transformation; 

fc^oo 


(a*)« =o-o(®)(4*^). 


( 68 ) 


De fin e 

(u*f^(z) = {{a*f\z), iu*)^^\z)), (ii*)«(z) = u«(z). (69) 

Note that is invariant under translation along M. As above, restricting to (u*)^®^ locally 

uniformly converges to a map u* = {a*,u*) : T 2 —)■ M x M with a*(z 2 ) = 0, which extends to 

u* : S2 — R — > M X M. If lim me(^ 2 ) > h, then we can construct bubbles as in subsection 1)5.1.3I 

€— ^0 

Otherwise, u and u* converges to the same periodic orbit as z ^ q 2 - Note that, near q 2 , in terms 
of the local cylinder coordinates the degeneration is given by 

(s*)W = s- 2RW, (A)(®) =t-T(®\ (70) 
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In local pseudo-Dauboux coordinate system (a, r?, w) and the cylinder coordinates of Riemann 
surface near q 2 we write 


Then 


u{s,t) = {a{s,t),u{s,t)), = {a* {s* {s* 


lim u{s,t) = x{kTt), lim u*{s*,t*) = x{kTt* +'dQ) 

|s|^CXD |s*|^CXD 


(71) 

(72) 


in for some A:T-periodic orbit x{kTt). 

We call u* : S 2 —)■ M x M a rubber component. 

By the same argument we can construct maps on Sj — P,j > 3 
Remark 5.5. We use notations above. Suppose that sup 

i 

singular point p S Si with 


00 and there is only one 


—)• p, sup 


,W(p») 


< 00. 


We re-scale as above and construct bubble tree as usual. Then all main part of u(S) are rubber 
component and there is a bubble tree with u{p) € M~^. 

Remark 5.6. For Figure 1, it is possible that some C M+ for some j > 2. We assume 

that 




(T® ) C M+, u W (T®) C M+, 


and 


sup |a^*^(zj*^)| < 00, sup |a^*^(^;g*^)| < 00. 


(73) 


In this case there is a relation between a(*)(zj*^), 1 < j < 6 . To see this and to simplify notations, 
we omit the index (i) and let 

h = a{z 3 ) - a{zi), I 2 = a{z4) - a{z 3 ), 

I3 = 0(2:5) - 0(24), U = a{ze) - 0(25). 

Then 

li + I 2 F I'i F Ia = 0 (^ 0 ) ~ (74) 

This means that liFhFhFh is aT re-scaling invariant. By (173]l . there is only three independent 
parameter. 


If we start from Sg to re-scale by the above procedure, we get the same result. Similarly, we 
start from any component J^i, i > 3, we get also the same result. This suggests a alternative way 
to do T-re-scaling for S.- we first re-scale for both Si and Sg by 

a^){z) = a^\z) - 0^(23) = a^\z) - if - a^\zi), 

a«(2) = a«(2) - a«(25) = 0^(2) + if - a^^{ze), 

then we re-scale for both S 3 and S 5 by 

a*^ ^ (2) = o^*^ (2) — (24) = o^*^ (2) — if , 

q.WR) = _ dW(24) = 0^(2) + if. 

In view of ([7^ we find that the above re-scalings are equivalent. 
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In the following we consider the singular points. Let g be a singular point of We discuss 
two cases: 

Case a. q is not a node of S. In this case we construct bubble tree as usual. 

Case b. g is a node of S. Suppose that q = qi- We construct bubble as in subsection ^5.1.31 to 
get 5^, inserted between Si and S3, with E{v) |52> i min{h, T}. Denote q'^ = SinS"^, qi = Saris'^. 

We fix a point 3 in the compact set of — {gij^i}. Let 3*-*^ G S^*) such that 3*-*^ —)• 3. Then 
S' = S U is a semi-stable curve and there exists a fixed degeneration S^'^ —)• S'. 

Consider the coordinate transformations 

= a — kT{— log dj), 


and 

Note that for any z G S3 


(a°)W =a« -o«(z®). 
a«(z) - a^\zf) = a^\z) - a^^{zf). 


Then we have 

To simplify notations, we omit the index (i) and let 

l'i = a{i) - a{zi), 1*1= a{z2,) - a{i), h 
k = 0 (^ 5 ) - a{z4), U = a(z 6 ) - 


a(z4) 


a(z5). 


a(z3), 


Then 


^1 + f* + ^2 T ^3 T ^4 — 0(^6) — o ,( zi )- ('^h) 

We conclude that the T-rescalling based on S^*) —)• S and the T-rescalling based on s(*) ^ S' are 
equivalent. 


5.3 Equivalent VT- rescaling 

We consider the example in subsection 15.21 (see Figure 1). For simplicity we only consider the 
degeneration of S(j,) at q 2 and consider the Case 2 here. Let G S^*^ q^^^ —>■ q 2 . Suppose that 
there exists a constant > 0 such that 

lim supE(tt^*^; — 1 < s < — A^ -|- 1) < - min{h, T}. (76) 

i=fOO 2 


We have two P7~-rescaling: 

A. The degeneration of Riemann surfaces in the Delingne-Mumford space, together with the 
T-re-scaling in Section ^5.21 we have a VT -rescaling given by (f68]l , (|6^ and fTOll 

B. There is another re-scaling as following. Assume that degenerate at q 2 with the formula 
dZOI). We choose a new coordinate system by 

= a - 2kTlr^^. (77) 
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Define 


(78) 


= (a(*)(z),S«(^)) = {a^\z) - 2kTl^^,u^\z)). 

Then the two coordinate systems and (a*)*-*^ satisfies 

flW = (a*)W + a^^{zf) - 2kTlA^. (79) 

Choose two sequences of points ('S5^)(3i*^) = ((s*)^*^ (t*)(*))(2W^ _ 

{—N, 0 ). Obviously, 3^^ _). j = 1^2. It follows from the convergence of and (u*)*-*^ 

on compact sets that 

|a«(3«) _ m(3«)l < C2, |a«(3®) - a«(z«)| = |(a*)«(3«) - (a*)«(4d)| < ^3, (gp) 

By the same argument of (5) in Lemma 15.41 we have 

|a«(3 «)-m( 3 »)|<C'. 


By (I70l) we have 

s(3®)-2Zr« = s*(3») = -iV. 

Then 

|o(d(3W) _ 2 kTlr‘^^\ < |a(d(3W) _ kTs{^^'^)\ + \kTs{i^^) - 2 kTlr‘^^\ < + kTN < C4. (81) 


It follows from ([7^ . (|8n]l and (IHTI) that for any point 2 G S2 — P we have 

\a^\z) - (a*)«(2)| < C 


(82) 


for some positive constant C. 

We call two PT-rescalings are equivalent if there exists a constant C > 0 independent of i such 
that (f8^ holds. We have proved 

Lemma 5 . 7 . Let S = Si A S2, where Si and S2 are smooth Riemann surfaces of genus gi and <72 
joining at q. Assume that S*^d {g a sequence of smooth Riemann surface which converges to S in 
the Delingne-Mumford space as i ^ 00. Suppose that 

lim supP(ttd); L)^(g)) < -iminlhjT}, (83) 

2—)-00 2 

and restricting on Yi2\L)e{q) there is no singular points ofu^^\ Then the two 'D'T-rescalings A and 
B are equivalent. 


The above discussion can be immediately generalized to the case of several nodal points. 

Lemma 5 . 8 . Let S = Si A S2, where Si and S2 are smooth Riemann surfaces of genus gi and 
g2 joining at gi, • • • ,qu- Assume that S^ = Yiiff be a sequence of smooth Riemann surface 

which converges to S in the Delingne-Mumford moduli space as i ^ 00. Let ; y](*) ]\p+ q 

sequence J-holomorphic maps. Suppose that for any j G {1, • • • , n}, 

lim sup ] D^{qj)) < -min{h, T}, (84) 

i—^oo 2 

and restricting on S2 — Uj=i-^e( 9 j) there is no singular points of u^''\ Then the VT-rescaling of 
type A and any DT re-scalings of type B are equivalent. 
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5.4 Procedure of re-scaling 

To sum up, for any sequence yW, p(®)) ^ ,C, g,m+u, (k,e)) our procedure 

is following: 


(1) If there is some T,y of genus 0, we treat it as in subsection 15.1.41 In the following we assume 

that pW) is stable and converges to (S;y,p) in Aig^m+u- 

(2) By Lemma 15.31 the number of singular points of S is finite. Denote by P C S the set of 
singular points for n^®\ the nodal points and the puncture points. 


(3) We first find a component of B, for example Bi in Figure 1, such that 


a?{z?) 

< min 

afizf) 


jeAfi} 



Without loss of generality we suppose that sup 


>‘.‘’( 4 ” 


< oo, that is, c M'^. Find 


a set J C / such that j £ J if and only if u{T,j) C M"*", for example Bi and Bg in Figure 1, 
i.e., J = {1,6}. Let B^'^ = B — IJ^gjBj. B^'^ may have several connected components. For 
every connected component of B^"^ we do P-rescaling independently as in 1)5.21 


We repeat the procedure. Finally we will stop after finite steps. 


(4) Then we construct bubble tree for every singular point independently to get B', where B' is 
obtained by joining chains of at some double points of B to separate the two components, 
and then attaching some trees of P^’s. Then we have 


(a) for every nodal point g G 01 there is a neighborhood so that 

lim sup ] D^{q)) < -, 

i—^oo 2 

where 01 denotes the set of all nodal points of B'; 

(b) restricting on B' \ Ugeotfl^^re is no singular points of □ 


For every sequence F^®) = (ri^®^ B^®); y^*), p^®)) G ,C,g,m + using our proce¬ 

dure we get F = (tt,B',y, p), where 

(A-1) B' is obtained by joining chains of P^s at some double points of B to separate the two 
components, and then attaching some trees of P^’s. B' is a connected curve with normal 
crossings. We call components of B principal components and others bubble components. 

(A-2) M : B' (M+)' is a continuous map, where (M"*")' is obtained by attaching some M x M 
to M"*". Let Bi be a connected component of B' and u|si : Bi —>■ M x M. We call (u; Bi), 
modulo the translations M x M and the S'^-action on periodic orbits, a rubber component. 

(A-3) If we attach a tree of P^ at a marked point y* or a puncture point pi, then yi or pi will 
be replaced by a point different from the intersection points on a component of the tree. 
Otherwise, the marked points or puncture points do not change; 
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(A-4) Let valv be the number of points on which are nodal points or marked points or puncture 
points. In case C M+, if is constant then valy + 2g^ > 3; in case u : —)• M x M, 

if ii|s„ is constant then valy + 2gy > 3; 

(A-5) u converges exponentially to (fciTcj,--- periodic orbits as the variable 

tends to the puncture (pi, more precisely, u satishes (j27|) - (jM]l : 

(A- 6 ) The restriction of u to each component of S' is J-holomorphic. Let be a nodal point of S' . 
Suppose q is the intersection point of S^ and S^. If g is a removable singular point of u, then 
u is continuous at g; If g is a nonremovable singular point of u, then and tt|s™ converge 
exponentially to the same periodic orbit on M as the variables tend to the nodal point g. 

5.5 Weighted dual graph with a oriented decomposition 

It is well-known that the moduli space of stable maps in a compact symplectic manifold has a 
stratification indexed by the combinatorial type of its decorated dual graph. In this section we gen¬ 
eralizes this construction to our setting and in the next section we state Li-Ruan’s compatification 
by using weighted dual graphs. 

Let G be a graph. Denote G = (y{G), E{G)), where V{G) is a finite nonempty set of vertices 
and E{G) is a finite set of edges. Suppose that V = {ui,..., vn}- Given a partition of {1, 2,..., N} 

,N} = {uUl^)[jK=M, 

it induces a decomposition of V, still denoted by t), 

t) : R = 2llj5S, 

where 

c d 

2Ji = (jWp, ^=(jWj^, Wp = {vk\keI^}, Wj^={vk\keJa}. 

2=1 a=l 

Obviously, 2tP|iB = 0. Every subset Wp ( resp. Wj^) determines a induced subgraph G/. ( resp. 
GjJof G. 

Assumption 1. For any WI^,WI■ C 21,i 7 ^ j, there is no edge in E{G) connecting G/. and 
G,,. 

Denote by R{G) all the edges which connect two subgraphs above. Obviously, 

R{G) = E{G) - {iJUE{Gh))[j{^i=iE{GjJ). 

Let I G R{G) be an edge connecting Vi and Vj. We give an orientation to £, denoted by 

~t : Vi Vj. (85) 

£ 

Sometimes we denote simply by Vi vj. 

We call G R{G) an oriented edge, the edges in E{G) — R{G) are called normal edges, or 
simply edges. If for all i G R{G) we have an orientation, we say that c) is an oriented decomposition. 

Assumption 2. There is an orientation of t) such that 
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( 1 ) For any edge I G R{G) connecting vi G and Vj G Gj^, we have 


: Vi ^ V 
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and we denote GI^ —)■ Gj^. 

(2) For any connected subgraph Gj^ and Gj ^, all edges between Gj^ and G have the same 

orientation, that is, if there is an edge i G R{G) connecting Vi G Gj^ and vj G Gj^ satisfying 

£ £ 

Vi Vj, then any edge i' G R{G) connecting v'^ G Gj^ and u' G Gj^ satisfies u- Vj. We 

denote Gj^ Gj^. 

(3) For any subgraph sequence Gj^_^ ,■■■■, Gj^^ satisfying 

Gj^^ —>• Gj^^ ^ Gj^^ , 

if there is an edge i G R{G) connecting Vi G Gj^. and Vj G Gj^. with j > i then we have 

Vi^Vj, Gj^.^Gj^.. 


(4) For any vertices G G, if there exist a walk of the form 

^io ’ ®ii ’ '^311 ^32 ) ■ ■ ■ ) ) '^ji 1 

where each edge Cj-j, 1 < Z < i, is the normal edge, then vj^, Vj^ belong to the same subgraph; 
otherwise Vj^,Vj^ belong to different subgraphs. 

£ 

Let Vk —>■ Vj , Vk G GI^ (or Gj^), Vj £ Gj^. When we consider the subgraphs Gi ^, Gj^ we attach a 
half edge to Vk and attach l~ to Vj. 

Let {V{G),E{G)) be a graph and £) be an oriented decomposition satisfying Assumption 1 
and Assumption 2. We call the graph G a graph with a oriented decomposition 0, denoted by 
{V{G),E{G),X3). 

Definition 5.9. Let g, m and v be nonnegative integers. A [g,m + i',d)-weighted dual graph G 
consists of {V{G), E{G),d) together with three weights, where 

(1) {V{G), E{G) is a graph, and c) is an oriented decomposition ofV{G), 

(2) Q : V{G) —)• Z>o assigning a nonnegative integer g.,, to each vertex v such that 

9 = ^ 9v + bi{G) 

veviG) 

where bi{G) is the first Betti number of the graph G; 

(3) assign m ordered tails m = (G, • • • ,tm) to V{G) : attach tails to v for each v G V{G), 

(4) assign v ordered half edges I = (ei,--- , 0 ^,) to V{G) : attach half edges to v for each 
V G V{G). 
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We denote the {g,m + t))-weighted dual graph G by (V(G), £1(G), g, m, 1,0). 

We introduce a terminology: a vertex v is called an interior vertex if there is no half edge 
attached it, it is called boundary vertex if there are some half edges attached it. 

Definition 5.10. Let g, m and v be nonnegative integers. A H-{g,m + n,!)) weighted dual graph 
G consists of {V{G), E{G), together with three weights: 

(1) V{G) —assigning a Ay £ H 2 {M~^ to each boundary 

vertex, assigning a Ay £ H 2 {M^,7j) to each interior vertex u G 21, assigning a 0 to each 
interior vertex u G *B. For any Gj^ and Gj^, denote 

Ai^= Y. Ay£H2{M+,^,Z), Aj^= Y Ay£H2{M+,ifl,Z), 

y£V(Gi^} v&V{GjJ 

and 

2=1 a=l 

(2) assign v ordered weights k = and weights e = (ei,--- to the half edges 1 = 

(ei, • • • ,ejy) such that I becomes weighted half edges = ((/ci, ei)ei, • • • , {k^, Zy)ei,). 

( 3 ) 6 : R{G) —)• Z+, for each I £ R{G) with Vk A- Vj, v^ £ GI^ (or Gj^), Vj £ Gj^, assigning 

= ki > 0 such that 

^ + X] 

ejGGj^ £+eG/, 

and 

= Y ' ddcj + Y - Y 

ej^Gj^ l+eGj^ l-&Gj^ 

and for each boundary vertex v £ Gj^ 

d\(A,) =Y.'‘t- r.+ -Eg- t,- , (86) 

ef Gif 

where is the subset of , the half edges attached to v 

We denote the H-{g,m + iy,d) weighted dual graph G by (y(G),£'(G),g,m, f},h). 

By a leg of G we mean either a tail or a half-edge. 

Definition 5.11. Let G be a (y(G), £'(G), g, m, t, f), c)) graph. A vertex v is called stable if 
one of the following holds: 

(1) 2gy + val{v) > 3, where val{v) denotes the sum of the number of legs attached to v; 

(2) Ay ^ 0, when u G 21; 

( 3 ) dX{Ay) / 0 when v £ 38 . 

G is called stable if all vertices are stable. 
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Let G be a stable {V{G), E{G),g,m, t, f), t)) graph. Then all subgraphs G/., Gj^ are stable. 

Two H-{g, m + I/, O) weighted dual graphs Gi and G 2 are called isomorphic if there exists a 
bijection T between their vertices and edges keeping oriented decomposition and all weights. 

Let <52 n, be the set of isomorphic classes of H-{g, m+v, t)) weighted dual graphs. Given g, 

m, V, Ae Lf2(-Lf+,3?,Z) and two weights k = (fei, ..., K), e = (ei, • • • , tu), denote by 
the union of all possible ^ ,(k,c) {(, g. 


5.6 Li-Ruan’s Compactification 

In this section we state Li-Ruan’s compactification on the moduli space of maps in terms of language 
of graphs. 

Let G be a stable {V(G), E{G), g, m, , i, i), h) graph with N vertices (t^i, ...,vn), rn tails and 

V half edges, and (S,y, p) be a semi-stable curve with m marked points and v puncture points. 
Let A G H 2 {M^ A stable J-holomorphic map of type G is a quadruple 

(n;S,y,p) 

where n : S —)• is a continuous map, (M'*')' is obtained by attaching some M x M to M+, 

satisfying the following conditions: 

[A-1] S = UtiS., where each v G V{G) represents a smooth component of S. 

[A-2] for the z-th tail attached to the vertex v there exists the z-th marked point yi G is 

equal to the number of the marked points on 

[A-3] for the j-th half edge attached to the vertex v there exists j-th puncture point pj GT,y, ly is 
equal to the number of puncture points on 

[A-4] if there is an edge connected the vertices v and w, then there exists a node between and 
the number of edges between v and w is equal to the number of node points between 
and Eyj-, 

[A- 6 ] the restriction of u to each component is J-holomorphic. 

[A-7] u converges exponentially to {ki ,ki, ■ periodic orbits ,...,satisfying 

Xk^ C J'ci as the variable tends to the puncture {pi, ...,pu)\ more precisely, u satisfies (1771) - 

(ESI); 

[A- 8 ] let g be a nodal point of S. Suppose q is the intersection point of and associated to the 
edge i G R{G). Then k^ > 0, zz|s„ and zz|s™ converge exponentially to the same k^ periodic 
orbit Xfc^ on M as the variables tend to the nodal point q. 

[A-9] For any v G R(G), [zz(S^)] = A„ G H 2 {M^,^,Z) when x is a boundary vertex; [zz(S^)] = 
Ay G H 2 {M^,Z) when x G 21 is an interior vertex, [x(S^)] = 0 when x G 25 is an interior 
vertex; A = 
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Definition 5.12. Two stable J-holomorphic maps F = (u, (S, j), y, p) and f = (ii, (S, j), y, p) of 
type G are called equivalent if there exists a diffeomorphism : S —)• S such that it can he lifted to 
bi-holomorphic isomorphisms —)• (TiwGw) for each component ofT,, and 

(1) TiVi) = Vi, T{Pj) = Pj for any 1 <i <1, I < j <n, 

(2) u{T,y) and uo ipiYiy) lie in the same holomorphic block for any 

(3) In case v G ^ we have uo ip = u on In case v G we have 

uoip = u, ao(p = a + C onT,y. 

Moreover, near every periodic orbit x, u and u o ip may differ by a canonical coordinate 
transformation (f26]l . 

Denote by Mg the space of the equivalence class of stable J-holomorphic maps of type G. 

Remark 5.13. Every subgraph Gp determines a holomorphic block of type Gp in , every 
subgraph Gj^ determines a holomorphic rubber block of type Gj^ in M x M. Roughly speaking, Mg 
is the gluing of several holomorphic blocks. 

We define the automorphism group of u: 

Aut{u) = {(/? I (/? : S —>• S is a holomorphic isomorphic such that ( 1 ), ( 2 ) 
and (3) hold in Definition 15.121 } 


It is easy to see 

Lemma 5.14. For any stable holomorphic map u of type G the automorphism group Aut{u) is 
finite . 

Given g, m, u, A G ,?fi, Z), two weights k = {ki,k^) and e = (ci, • • • , ty), we define 

AlA(M+,C;5',m + z/, (k, e)) = |J Mg- 


This gives a stratification of Ma{M~^, G;g,m ic, (k, e)). Denote by ^ the number of 

all possible ^ [(k,c) {f, 5 . The following Lemma is obvious. 

Lemma 5.15. is finite. 

We immediately obtains 

Theorem 5.16. C; ( 7 , m + n, (k, c)) is compact. 


Remark 5.17. Let u : 52 ^ M X M be a J-holomorphic map with E{u) = 0. Then u must be 
u = {kTs+d, x[kt+'do)). If the number of the special points (including nodal points, puncture points 
and marked points) < 2, u is called a unstable second class ghost bubble. In our compactification 
there is no unstable second class ghost bubble. 
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6 Gluing theory-Pregluing 

The gluing is the inverse of the degeneration. In section ^ we see that for a sequence T^®) = 
yW,pW) G ,C]g,m + each component degenerates independently, 

and the bubble trees are also constructed independently, furthermore each node of a connected 
component degenerates also independently. So we also glue independently for each nodal points. 
Recall that there are some freedoms of choosing the coordinates a, for and M x M (see 
subsection ^2.3p . 

For any r we glue M~^ and M x M with parameter r to get again M+. We cut off the part of 
M+ and M x M with cylindrical coordinate |o^| > ^ and glue the remainders along the collars of 
length Ir of the cylinders with the gluing formulas: 


oi = 02 + 2lr. 


(87) 


6.1 Gluing one relative node for M+ U (M x M) 

Let b = {ui,U 2 ]T.i A S 2 ,ji,j 2 ) S (M+, C; 51 , mi + l,(A:,ei)) x A 1 a 2 (I^ x M,g 2 ,m 2 + + 

1, (/c, ei), (k+, e'*')), where (Si,ji) and {T, 2 ,j 2 ) are smooth Riemann surfaces of genus gi and g 2 
joining at q and rti : Si —)■ 112 : S 2 —>■ M x M are J-holomorphic maps such that Ui{z) 

converge to the same /cT-periodic orbit x as z ^ q. To describe the maps Ui we choose a local 
pseudo-Darboux coordinate system (aj,?9j,w), i = 1,2, near x. Suppose that 

Si £i y 0 L) hti 'diQ y 0. 


If we choose a different origin in the periodic orbit x, we have a different coordinate system i9*. 
Suppose that 

19* = -di + Ti. 


Obviously, 


i9* (si, ti) - kti - {'dio + Ti) -)■ 0. 


Without loss of generality we assume that ??io = 0. Set r = — 1 ? 20 - We consider r to be a parameter 
satisfying 0 < r < 1. Then 

i9i = 'd2 + T ( 88 ) 


Given gluing parameters (r) = (r, r) we construct a surface with gluing formulas: 


Si — S2 + (89) 

ti=t2 + ^ (90) 


for some n £ Zk. 

To get a pregluing map from we set 

ui on SioU {('Si!G )|0 < Si < ^,fi G 5^} 


^(r) ' 


{kTsi,x{kTti)) on {(si,ti)|^ < si < ^,fi G 5^} 
U 2 on S 20 U {('S 2 )* 2)|0 > S 2 >-^,^2 e 5*^} , 
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where x{kTti) = (A:ti,0) as ?9io = 0. 


To define the map in the remaining part we fix a smooth cutoff function ^0 : M —[0,1] such 


that 


/3(s) 


1 if s>l 
0 i/ s < 0 


and yjl — j 3 is a smooth function, |/3'(s)| < 2. We assume that r is large enough such that Ui maps 
the tube {(sj, tj)llsj| > G 5^} into a domain with pseudo-Darboux coordinates {ai,'di,w). 

We write and dehne 


a(,) = kTsi + (/3(3 - ^)(ai(si,ti) - feTsi) + /3(^ - 5)(a2(s2,t2) - kTs 2 )) , (91) 

U(r) = x{kTti) + (^/3(3 - - x{kTti)) + /3(^t^ - 5)(h2(s2,t2) - x{kTt 2 ))^ , (92) 

where x{kTt 2 ) = (/ct 2 , 0 ) as (l90l) and (f 88 ]l . It is easy to check that is a smooth function. 


6.2 Gluing two relative nodal points for M+ U (M x M) 

Recall Lemma [5l8l we glue two relative nodal points independently. 

Let b = {ui,U2;T.i A S2,ji,j2) G Mai{M+,C; gi,mi + 2 ,(k,e)) x >1^2(1^ x M,C;g2,m2 + 
2 , (k“, e“), (A:', e')), where k = k~ = {ki,k 2 ),t = e“ = (ei,e2), and k' satisfying Yl'j=i^j < 
Here (Si,ji) and (^ 2 ,^ 2 ) are smooth Riemann surfaces of genus gi and g2 joining at qi,q2, and 
ui : Si —>• M^, U 2 : S 2 —)■ M X M are J-holomorphic maps such that Uj{z) converge to the same 
-periodic orbit Xj{kjT^^) as z — qj,j = 1,2 (see Figure 2). Choose cylinder coordinates 
{sij,tij) and {s2j,t2j) on Si and S 2 near node qj. We choose local pseudo- Darboux coordinate 
systems (oi,i9ij, Wj) on the cylinder end of M"*", {a 2 ,'& 2 j,'^j) on M x M near Xj, where wj is a 
local coordinates near Xj . Suppose that 

ai{sij,tij) - kTsij -iij 0 , - ktij - i^ijo -^ 0 , j = 1 , 2 , 

a2{s2j,t2j) - kTs2j -hj 0 , '&2jis2j,t2j) - kt2j - '&2jo -^ 0 , j = 1 , 2 . 



Figure 2: 



Without loss of generality we assume that iij = i 2 j = 0, for j = 1,2. Denote Tj = j = 1, 2. 
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(93) 


For any parameter ^3 > 0, we can gluing M~^ and M x M to get with gluing formula: 

= (X2 ~\~ ‘21q. 


For each x,- we take T translation: 


aij — ai — cij, a2j — 02 — C2j 


(94) 


for some constants cij > 0. Then (aij, i?ij, Wj) and {a 2 j,'& 2 j,j) are local coordinate systems near 
Xj over cylindrical end of M"*" and over M x M. 

Choose Rq such that 


2 2 


\sij\ >^)< 

i=l j=l 


Ro^ ^ min{h, T} 

Y 


^ 1 hi 

2Cicr'e-— < 


(95) 


where h,Ci,c and hi are the constants in Theorem 12.91 and Theorem 12.101 

For any rj > Rq we glue M"*" and M x M in coordinates aij and a 2 j with the gluing formula: 


dij — a2j T 


(96) 


Now we return to the coordinates ai,i = 1,2. By relation ()94p the gluing formula can be 
re-written as 



ai = 02 + cij - C2j + 2lrj. 

(97) 

Choose 

Clj = -C2j = l{p - Vj). 

(98) 

By ([MD, 

in order to get M+ we need 



Ro<rj<Q, j = l,2. 

(99) 


Now we glue J-holomorphic maps. We express {ui,U 2 ) in terms of the coordinates {aij,'dij) 
and {a 2 j,'& 2 j)- 

aij('5ij)tij) ^ '^iji^ij^tij) kjtij ^ijO ^ 0) j — 

0'2j{s2jit2j) — kjTjS2j + C2j —)• 0, '&2j {S2j ■, t2j) ~ kjt2j — '&2j0 0; J = 1)2. 

As in subsection ^6.11 we assume = 0 and consider Tj = —'&2jo as parameters, and construct a 
surface with gluing formulas: 

sii = S2i + |%, J = l,2, (100) 

^11=^2, + ^, j = l,2, (101) 

for some rij £ Z^.^j = 1,2. By pSjl . in terms of q the gluing formulas (|100p and (IIOII) can be 
written as 


Slj 

tij 


S2j + 


2lp-cij+C2j 


t2j + 




j = l,2. 


( 102 ) 

(103) 
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j = l,2. 












for some rij G Zk.,j = 1, 2. We construct pre-gluing map as in subsection i)6.1l Then we have 

Ir ■ Ir ■ 

^(ri) = «(r2) = Ul, in f]{\sij\ < ^^(ri) = ^(ra) = ^2, m f]{\s 2 j\ < 

j = l ^ ^ j — ^ ^ ^ 

The pre-gluing above can be generalized immediately to the case of gluing several nodal points. 


6.3 Norms on 

We only consider the case of gluing one node, the other cases are the same. For any rj G 
<8) let 77, be its restriction to the part Sjo U{('®G ^i)l l'S*l < 

tended by zero to yield a section over Sj. Define 

||^||p,Q:,r = ||??1 ||Si,p,o + ||^ 2 ||e 2 ,P,o- (104) 

Denote the resulting completed spaces by Lr’°‘. 

We define a norm || • ||i,p,a,r on For any section h G 

denote 


hn — 


lAti 


,t ] dt, 


hi = {h- ho)P ( I - 


h2 = {h- ho) 




(105) 

(106) 
(107) 


We define 

||^||l,p,a,r — II^1II Ei,l,p,a T ||^^21| E2,l,p,a T If^ol- (108) 

Denote the resulting completed spaces by yVr’^’°‘- 

We introduce some notations. Choose the cylinder coordinates near puncture points and nodal 
points. Denote 

Tii{Ro) = Sio U {(sj,ti)| |sj| < Ro}, i = l, 2, 

D(72o) = Sl(7^o)lJ®2(7^o)■ 

Choose Ro such that 

2 


E ?:; / , , Ro-. mini h,T} , ^ ^ hi 

E{ui-, |si| > ^) <- 4Ciq^e-^ < 


2=1 


8 


(109) 


We let ^ » 4i?o- 


Lemma 6.1. There exists e > 0 such that for any J-holomorphic map v : —)• with 


V = exp„^^^(/i), if 


then for any 0 < a < c 


\h Ici <e for i = 1,2, 


hi 

l,p,a,r ^ ^ , 


where c is the constant in TheoremlK 


( 110 ) 
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Proof. Note that 


Eiv] Isil > Rq/2) = 


v*d\ = 


/i?o/2<si<fi-Ro/2 


/ 

J pi 


(fp-Ro/2,5i) 


/ 

Jv( 


X - I A. 

i;(iio/2,Si) 


Denote sq = Ro/2. A direct calculation gives us 


/ >'-! ^ 

Jv{sQ^S^) Jui{so,S^) 


/ X{vt){so,t)dt - / X{{ui)t){so,t)dt 
/si isi 


< 


[ X{Pui,viui)t)){so,t)dt- [ X{{ui)t)iso,t)dt 
Jsi isi 


+ 


'si 


A(dexp ht){so,t)dt 


< C'|/' iDi(iio) Ici 


( 111 ) 


Then 

E{v; |sil > Ro/2) < E{ui] |si| > Ro/2) + C'^\h |d,(/?(,) |ci- 

It follows that 

when 0 < e < . Then by Theorem 12.91 we have 

1^'" ls(^)-S(i?o) I - ^1® (112) 

for all Rq < Si < — Rq. Together with (jllOl) we have 

\\h iD(iJo) \\l,p,a < y 

when e small enough. Then lemma follows. □ 

The lemma can be generalized to the case of gluing several Riemann surfaces and several nodal 
points. 


7 Gluing theory—Regularization 

7.1 Local regularization 

We fist discuss the top strata, then consider lower stratas. 


7.1.1 Top strata. 

Let b = (u, (S, j); y, p) G ,C; g,m + i/, (k, e)). Here S is a smooth Riemann surface of 

genus g, j is a complex structure (including marked points ), which is standard near each puncture 
point. We introduce the holomorphic cylindrical coordinates on S near each puncture points p*. 

We discuss two different cases: 

(1.1) S is stable. 
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Denote by Oj a neighborhood of complex structures on (S,j). Note that we change the complex 
structure in the compact set D{Rq) of S away from the puncture points. A neighborhood lAi, of b 
can be described as 

Oj X {exp„(h + ho); h G C(S; u*TM~^), ho G H, ||/i||i,p,a + |ho| < e}/stabb, 

where M = 0 j=i(rp.© {span{-§^})). 

(1.2) S is unstable. 

In this case the automorphism group Autj: is infinite. One must construct a slice of the action 
Autj: and construct a neighborhood Ub of b. This is done in [7j. We omit it here. 

There is a neighborhood U oi b such that £ is trivialized over U, more precisely , P{u,v) gives a 
isomorphism £\u — >■ £\v for any v £ U. Choose Kb C T|u to be a finite dimensional subspace such 
that 

KbimageDu = £\u, (113) 

where —)■ £\u- Without loss of generality we may assume that every element 

of Kb is smooth along u and supports in the common compact subset T>(i?o)- Define a thickned 
Fredholm system {Kb xU,KbX £\u,Sb), where 

S{k, v) = djv + Pu-vK G £v, V {k, v) G Kb X U. 

By ( 11131 ) . there exists a smaller neighborhood of b, still denoted by U, such that : Kb x 

j^p,a jg surjective for any [n, v) G Kb x U. Then for each b' = {k, v) G Kb x U there exists 
a right inverse 

Qfo/ : ^KbX 

such that IIQft'll < Cl. Obviously, DSb' ■ Kb x —>• is also surjective, Qb' ■ —)• 

Kb X is also a right inverse of DSb'- 

A pair {k, v) G Kb x U is called a perturbed J-holomorphic map if 

djV + Pu-.uK = 0 . 


7.1.2 Lower strata. 

We shall consider two cases for simplicity, the discussion for general cases are the same. Let D 
be a strata whose domain has two components (Si,ji) and (S2,j2) joining at p. 

Case 1. Let b = {ui,U 2 ; Si A T, 2 ,ji 02 ), where (Si, ji) and (S 2 ,j 2 ) are smooth Riemann surfaces 
of genus gi and g 2 joining at p and Ui : Tji ^ M+ are J-holomorphic maps with ui{p) = U 2 {p)- 
Suppose that both (ttj, Sj, jj) are stable. A neighborhood of b in the strata D can be described 
as 

Oji X X |(^exp„^(/ii hio),exp„2(/i2 + ^ 20 )) \hi G 1T^’P’"(S; iii*TM+) , 

hio = h2o G Tu^(^p)M+, ||hi||i,p,a \ho\ < e} /stabu- 
The hber of £d{M^ ,g, m+u) —)■ Bd{M^ , g, m+i') at b is JP’“(ri^TM+(8)A‘^’^) x JP’“(ri2TM+(8)A‘^’^). 
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Case 2. Let b = {ui,U 2 ] Si A S2,ji,^2), where (Si, ji) and (S2,j2) are smooth Riemann surfaces 
of genus gi and g 2 joining at q, ui : Si —)• M~^ and rt2 : S2 —)■ M x M are J-holomorphic maps 
such that ui and U 2 converge to a same fcT-periodic orbit x{kTt) C J^j for some j when zi and Z 2 
converge to q. Suppose that both (rtj, are stable. 

We first describe the neighborhood of rt2 : S2 ^ M x M in the space of VV^’^’“-maps. The R- 
action on MxM and 5^-action on every periodic orbit naturally induce the actions on 1T^’^’“(S2, Mx 
M), which we need mod. Write u{s,t) = {a{s,t),u). For any C, the M-action is defined as 

Me ° u{s, t) = {C + a{s, t),u). 

We construct a local R-action slice as follows. We fix a point p € S2 and choose coordinates a 
such that the U 2 {p) = (0,x). Let h he a vector field along U 2 - We write 

, , d ~ 

h = 61— + h, 
oa 

where h S {u^iTM)) is a vector field along U 2 - Then h = bi-^ + h can be considered in 

a natural way as a M equivalent vector field along Mon. We can construct a equivalent tubular 
neighborhood around the orbit Mon. The point-wise exponential map give us a Banach manifold 
structure on the space of M equivalence class of VF^’^’“(S2,M x M). To simplify notations we will 
use VF^’^’“(S2,M X M) to denote the space of M equivalence class if no danger of confusion. 

On the other hand, we need mod 5^-action on every periodic orbit. Let x be a periodic orbit. 
We choose a local pseudo-Darboux coordinate system (a,'d,w), near x. If we choose another 
origin in we get another local pseudo-Darboux coordinate system (a',??',w), which differ by a 
canonical coordinates transformation (I26j) . The vector h = bi-^ + h is independent of the local 
pseudo-Darboux coordinates, so independent of the choice of the origin. 

For simplicity we assume that = 1,2 has no puncture points. A neighborhood lA^ of 6 in D 
can be described as 

Oji X X |(exp„^(/ii /iio),exp„2(h2 + h2o))\hi e ni*rM+), 

h 2 G W^’P'°‘{J:;u2*T{R x M)),hio = h 2 o G H, -b \hio\ < e| /stabu, 

where El = Tq{Fj) 0 {span{-^}). The fiber of £d Bd at b is LP’"(u^rM+ 0 x LP’“(n2(M x 
M) 0 A°’^). 

We use the gluing argument to describe the neighborhoods Uh of b in C; 5, m + i/, (k, e)). 

Denote GIutq = {(r,r)|0 < t < 1,Tq < r < 00}. Then 

Uh= IJ B{u(r),(i) 

To<r<oo 

where R('U(^),e) = {u ^ B\ u = exp„^^^(/i + Lq), \\h\\i,p,a + |/io| < e}- 

Choose Kf, = {Ki,K 2 ) d £\b = {£ui-,£u 2 ) to be a hnite dimensional subspace such that 

Ki + imageDui = £ui , K 2 + imageDu^ = £u2 ■ 
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where —)• £y_.. We may assume that every element of Ki is smooth along Ui and 

supports in the compact subset D{Ro) of Sj. For any (r, r) G GIutq there is a neighborhood U of 
in C]g,m + u, (k, e)) such that £ is trivialized over U. We choose Tq > Rq so 

large that for r > Tq 

Kh C £\u- 

Note that ^'^PP i^b) C {|sil < Rq}. Then u)||^.|<^q is indepen¬ 

dent of r. Hence Ku is well dehned for any u G B{ui^r)j e)- We can naturally identify and Kb^^y 
We define a thickned Fredholm system and regularization equation as in (1). Then there exists a 
neighborhood U of b, such that DSj,/ : Kf, x —)■ LP’°‘ is surjective for any b' = (k, v) G x U. 

Then DS;,/ : K;, x ^ is also surjective. 


7.2 Global regularization 

Denote 

= {v eB\v = exp„(/i + ho), \\h\\i,p,a + |ho| < e}. 

As ,C; gi,mi + v, (k, e)) is compact, there exist hnite points bi, 1 < i < n such that the 

collection {D|,} is an open cover of A4y4(M+, C-,gi,mi + (k, e)). For any I C {1, 2,n}, setting 

Ki = n-fCb., Si{{Ki)i(zi,v) = dj{v) + '^l3hiPu,v{>^i) ^ 
iel iel 

One can construct a global regularization {Cj, Fj, Sj) of the original Fredholm system {B,£,dj). 
From the global regularization we can obtain that (see mm- 

Lemma 7.1. There exists a finite dimensional virtual orbifold system for {B,£,dj) which is a 
collection of triples 

{{Ui,Ej,ai)\I ,n}} 

indexed by a partially ordered set {I = ’”1, c), where 

1. {Ui\I C {1,2,-•• ,n}} is a finite dimensional proper etale virtual groupoid, where Uj = 

S7\o), 

2. {Ej} is a finite rank virtual vector bundle over {Uj}, 

3. {u/} is a section of the virtual vector bundle {£'/} whose zeros {<7^^(0)} form a cover of 

MA{M+,C-,gi,mi + n, (k,e)). 

Let be the set of points ((Kjjjg/, u) G Uj such that 11^* Up, a < e, where I C {1, 2,n}. 

We define x M), U (M x M)) in the same way. 

By the same argument of Theorem 15.161 we conclude that: 

Theorem 7.2. is a compact virtual manifold. 
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8 Gluing theory— analysis estimates 

8.1 Gluing theory for 1-nodal case 

We consider the case of gluing one node in Subsection ^6.11 The general cases are similar. 

Recall that we have a global regularization {(C,F,S)}. Consider the regular Fredholm system 
(C/, F/, Sj). Let b = ((ui, M2)) Si AS2; ji,^2) G G, where (Si, ji) and (S2,^2) are smooth Riemann 
surfaces of genus gi and 52 joining at q and mi : Si —)• M"*", M2 : S2 —>■ M x M are J-holomorphic 
maps such that Ui{z) converge to the same feT-periodic orbit x{kTt) C Fj for some j as z ^ p. 

For any {K,h,hQ) G KerDSi,, where h G 1T^’^’"(S; m*TA^), we define 

II (m, h) II l,p,o = ||k||p^q, + II /l|| l,p,a) ||(^)^)^o)|| — ||(^)^) II l,p,a T |^o| • 

For any (m,G KerDSb^^y we define 

II (^) /^(r)) II II ^llp,a T ll^(r) II l,p,Q!,r • 

By using the exponential decay of Ui one can easily prove that M(r) are a family of approximate 
J-holomorphic map, precisely the following lemma holds. 

Lemma 8.1. For any r > Rq, we have 

||dj(M(,))||p,„,, (114) 

The constants C in the above estimates are independent ofr. 

8.2 Estimates of right inverse 

Lemma 8.2. Let DSb '■ Kb x —)• be a Fredholm operator defined in section 0 Suppose 

that DSb\K^xW^’P’<^ ■ X —)• is surjective. Denote by Qb ■ Kb x a right 

inverse of DSb- Then DSb/^y is surjective for r large enough. Moreover, there are a right inverses 
Qb^^f such that 

DSbys,Qb(,) = Id (115) 

\\QbJ\<C (116) 

for some constant C > 0 independent ofr. 


Proof: We first construct an approximate right inverse Q', such that the following estimates 
holds 


°(.r) 


■cJISCi 

(117) 

m < 1 

(118) 


Then the operator DSb^^ o Qi is invertible and a right inverse Qb^^^ of DSb^^ is given by 


Q6(j.) — Qb(,.-,iII'^b(^) ° 


-1 


(r) 


0(r) ' 


(119) 
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Denote /3i = /3(3/2 — Let /32 > 0 be a smooth function such that /3| = 1-/3^. Given rj E Lr’“, 

we have a pair {r]i,rj 2 ), where 

r/i = Pi-q, r]2 = hv- 


Let Qfe(r/i,r 72 ) = {Kb,h). We may write h as {hi,h 2 ), and define 

^(r) = hl(3i + /l2/32- 


( 120 ) 


Note that on < si < k = 0 and on {|sj| < we have = tij, = Kfe, so along 

we have = Kb- Then we define 




( 121 ) 


Since |/3i| < 1 and (I117p follows from HQbH < C. We prove (IllSp . Since Kb + D^h = r] 


we have 


o Ql r/= r/, |si| < 


Zr 


( 122 ) 


“w ' ” ' - 2Tk 

It suffices to estimate the left hand side in the left annulus < |sj| < Note that in this 
annulus 

/3i + Z?! = 1) = 0, DuMi = rji, 

PiDu^hi + hDu2h2 = {Pi + Pl)r]. 

Since near ui{p) = U 2 {p) ( or near the periodic orbit x{kTt)), = dj^ + S^, we have 

DSb^^^ o Q'b^^^rj - {Pi + Pl)rj = Kb^^^ + Du^^^h^r) - {Pi + PDv 

= {dPi)hi + Pl{Su^^^) - SuP)hi + {dP2)h2 + P2{Su(,) - Su2)h2- 

By the exponential decay of S and Pi + Pi = 1 we get 


(123) 


DSb^^^ o Q'b,^,r] - 7] 


'(r) 


PiCx,r 


DSb^^^ o Ql^^r] - {Pi + PI)t] 


DCr) 


p,a,r 


Cl C 2 

— (||^l||p,a “ 1 “ ||^ 2 ||p,Q:) ^ ||^||p,Q:,r 


(124) 


In the last inequality we used that ||(5b|| < C and (/ii,/i 2 ) = 7r2 o Qb{rji,r] 2 ). Then (IlISp follows by 
choosing r big enough. The estimate pilSp implies that 


-<\\DSbr,oQ' II <-. 


(125) 


Then (|116l) follows. □ 


8.3 Isomorphism between KerDSb and KerDSb^^-^ 

Put 

Q 

El := KerDSu^, E 2 := KerDSu 2 , H = Tq{Fj) 0 {span{—}), 

oa 


Denote 

KerDSb ■= Ei © £’ 2 - 

H 
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For a fixed gluing parameter (r) = (r, r) we define a map Ir '■ KerDSb — KerDSb^^y For any 
{k, h, ho) G KerDSb, where h G u*TN), we write h = (/ii, /12), and define 

h(r) = ^0 + ^l/3l + ^2/32) (126) 

/f (Av, h, Hq ) Qbyy ® {k,, /l(r) ) • (127) 

Lemma 8.3. is an isomorphisms for r big enough. 


Proof: The proof is basically a similar gluing argument as in [9]. The proof is devides into 2 steps. 


Step 1. We define a map /' : KerDSby^ — > KerDSb and show that /' is injective for r big 
enough. For any {k, h) G KerDSby.^ we denote by hi the restriction of h to the part |si| < ^ 
we get a pair {hi,h 2 ). Let 



( 128 ) 


We denote 


m 


{hi - ho)j3 


air 


+ 1 



+ ^0) 


(/i2 - ho)P 


air 

It 


+ 1 + as2 



and define /' : KerDSby^ —)• KerDSb by 

I'(k, h) = {k, I3[h]) - Qbo DSb{K, I3[h]), (129) 


where Qb denotes the right inverse of DSb\K,,xW^’P’<=‘ ■ x —)> L^’". Since DSb o Qb = 

DSb\Ki,xW^’P’°‘ ° Qb = I, we have I{{KerDSby^) C KerDSb- 

Since k and Du{l3{h — ho)) have compact support and Su G we have DSb{K, /3[h]) G 
Then Qb o DSb{K,^[h]) € Kb x 

Let (k, /i) G KerDSby-^ such that I{{K,h) = 0. Since /3(/i — /tq) G VF^’P’“ and QbO DSb{n, I3[h]) G 
Kb X VF^’P’“, then /'(k, h) = 0 implies that ho = 0. From (I129p we have 


Q{K,h) - (k,/3/i)||i,p,q, < Ci\\k + Du{l3h)\\p^ct 


= Ci 


«; + /3 ^ 


Duh + Zl, 




h + K- Du^yh - k) + {d/3)h 


p,a 


Since (k, /i) G KerDSbyy we have k + Duy-^h = 0 . We choose > Rq- As K||si|>_RQ 
/3L 1^ ij- = 1 we have n = Bk. Therefore 

1**1- kT 


0 and 


I{{k, h) - {k, (5h) II < Ci\\{d^)h + P{Su 


*S'„(r))/l|| 


p,a- 


Note that 

Su 

By exponential decay of S we have 


if Si < 


Ir 

Wf' 


or 


S2 > 


Ir 


II (-5*. 


Su^r))mp,a<Ce-^^\\m 


l,p,a 
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for some constant C > 0. Since {df3{^ + 1 — asi))hi supports in ^ < si < ^ + ^, and over this 
part 


— (yiT 

\d/3{— + l-asi)\ < 2\a\ 


,alr 


we obtain 


/3(^ + l + as2) = l, <eV“l^=l, 

kl 

\\{df3{^ + 1 - asi))hi\\p^a < 2|a|e'^||/i2||p,Q, < 2|a|e^ 

^ air 


Similar inequality for + 1 + as 2 ))h 2 also holds. So we have 


p,a' 


p,a < djale'^ll/^hllpp^c 


Hence 

\\I'riK,h) - (k, /3h)\\i^p^a < Csdal + e"^)||/3/i||i,p,„ < l/2\\/3h\\i^p^a (130) 

for some constant C3 > 0, here we choosed 0 < a < and r big enough such that ^ ^ and 

C^e~^ < 1/4. 

Then I/(k, h) = 0 and (11301) gives us 


||^||p,a — 0, ||/3h||i^p^Q. — 0. 

It follows that «: = 0, /i = 0. So // is injective. 

Step 2. Since is uniformly bounded, from (|127p and (jllOp . we have 

||/j.((At,/l), ho) {,l^^h{r))\\l,p,a,r ^ (k, ) ||. 

By a similar culculation as in the proof of Lemma 18.21 we obtain 

(j 

II hr ((^, h), ho ) (k, /i(r) ) II l,p,Q:,r ^ ~ (|| hllp^Q + | /iQ | ) . (131) 

In particular, it holds for p = 2. It remains to show that ||/i(r)||2,a,r is close to ||h||2,Q. Denote vr 
the projection into the second component, that is, 7r((«;, h), ho) = h. Then 7r(kerDSb) is a finite 
dimentional space. Let ft, i = 1,.., d be an orthonormal basis. Then F = '^ j2g2o|s| -g integrable 
function on S. For any e > 0, we may choose Rq so big that 


F <€. 




Then the restriction of h to |si| > Rq satisfies 


ll^l|si|>Roll2,a ^ e||h||2,a, 

therefore 

||h(r)||2,a,r > 11^1 |si|<Ro Il2,a + |^o| > (1 “ e)||^||2,Q: + |ho|, (132) 

for r > Rq- Suppose that RHk, h), ho) = 0. Then (11311) and (11321) give us h = 0 and ho = 0, and 
so At = 0. Hence R is injective. 

The step 1 and step 2 together show that both R and // are isomorphisms for r big enough. □ 


45 












8.4 Gluing maps 

There is a neighborhood U of ,C; g,m + v, (k, e)) such that £ is trivialized over U, 

more precisely, Pu(^^-),v gives a isomorphism £\v for any v G U. 

Consider a map 


F(,) : X ^ LP’“( 4 )rM+ ® A°’i) 

T'(j.)(k,/ l) = k'J . 

Let {Krihr) : [0,5) —> ^^(r) ^ be a curve satisfying 

Kq — K, flQ — /l, K,- |r=0— 3 l''"=0— 5 

cLt (It 

By the same method of [23] we can prove 
Lemma 8.4. 1. dF(^j.){^) = 

2. There is a constant h 2 > 0 such that for any {K,h) S x with 

IKk,/ i)|| < ^2 0^4 < 2 ^ 2 , t/ie following inequality holds 


1 


||dF(^)(K,/i) -dF(^)(0)|| < —. 


(133) 


Let = min{^i,/i 2 }. Note that M"*" = x ([0,oo) x M). By the definition of the metrics 
(,) (see (fT6j) and (fT7|) ) the curvature \Rm\ is uniform bounded above. Then there exists a constant 
C 2 > 0 such that \dexpp\ < C 2 for any p G M~^. For any ||(ac, /i)|| < 


— || 5 j^(r) T 5 s^||p,a,r T T ||^||p,Q 

h 


— + (^2 II 


< Cie-b-fo^ + A < ^ 
8C2 4C2 


when r big enough. It follows from (2) of Lemma 18.41 and (11341) that 

1 


\\dF(^r)iK,h) - DSb^yW < 


4C2' 


(134) 


(135) 


Then F(^r) satisfies the conditions in Lemma 12.101 It follows that for any (k, h) G kerDSbf^y 
with ||(k,/ i)|| < ^clc 2 ^bere exists a unique (k^,C) such that F(j.)(k^,C) = 0. Since Kb^y x 
>Vr’^’“(S(r); ^*(^^44+) = imQbf^y + kerDSb^^y and Qby^ is injective, then there exists a unique 
smooth map 

/(,) : Ker DSb^^ ^ LP’^{uy^TM+ ® A^b) 
such that (k^,C) = ((K,h) + Qby^ ° f(r)ii^,h)). 

On the other hand, suppose that (k„,C) satisfies 

h 


F(r)iK-v,C) = 0, ||(k^,C)II < 


8(l+C2||I15b(^)||)C2C2 


(136) 
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(k,/i) = (/ - (56(,) ° DSb^^^){Kr,(), we have \\{K,h)\\ < g^, then r] = /(r)(K,/i), i.e., 


(k^,C) = iK,h) +<36(^) o 

Hence the zero set of is locally the form {{k, h), ° h)), i.e 

F{r){{l^,h) + O /(^)(K,/i)) = 0 

where (k,/ i) G Ker DSb^^y 
For fixed (r) denote 


(137) 


(138) 



(«(,.), C(r)) := 7r(K,C) + QV) ° Ah ° ^ri^X))- 


Define vri, 7r2 by 

7ri(K,/i)=K, and 7r2(/t, h) =/i, for any (k,/ i). 


Since Ir '■ kerDSb —)• KerDSb^^ is a isomorphism, we have proved the following 

Lemma 8.5. There is a neighborhood O of 0 in kerDSb and a neighborhood Oj of (ji,j2) and 
Rq > 0 such that 


glu(^j.) ■ Oj X O X Zk ^ ^^(r) 


defined by 


9lU(r){jlj2,K,C,n) = (7ri(K(^),C(r.)),exp„^^j(7r2(«;(^),C(r)))) 


where for r > Rq is a family of orientation preserving local diffeomorphisms. 

We may choose {{ji, j 2 ),r,T, nX) as a local coordinate system around b in Up^. We write f(^r) ° X 
as a function f{ji,j 2 ,'>', r, k, C). As R is a smooth map we can see that f{ji,j 2 ,f', r, k, Q is smooth 
(see p.l31 in [30]). 

8.5 Surjectivity and injectivity 

Proposition 8.6. The gluing map in Lemma \8.h\ is surjective and injective in the sense of the 
Gromov- Uhlenheck convergence. 

Proof. The injectivity follows immediately from the implicit function theorem. We prove the 
surjectivity. Let F = ((k^, ?;), S(r)) G Uby) and C £ such that exp„^^j(C) = v. Suppose that 

||K„||p,a + |Clci(S)i(iio)) ^ the same argument of Lemma 16.II we have XX) satisfies (11361) . Then 
there exists a unique (k, h) G Ker DSb such that 


XvX) = IrX, h) + Qby^ o /(^) o RX, h)). 


The surjectivity follows. 
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9 Estimates of differentiations for gluing parameters 

In the section, let a << c be a constant. We estimate the differentiations for gluing parameters. 
This is another key point of this paper. 


9.1 Linear analysis on weight sobolov spaces 

Let S = MxS'^,Ll = Sx Let vr : E —)• S be the trivial vector bundle. Consider the 
Cauchy-Riemannian operator D on E defined by 

where S{s,t) = {Sij{s,t)) 2 nx 2 n is a matrix such that for any k > 0, 


E 

i-\-j=k 


d^S 

d^sdH 




(139) 


for some constant Ck > 0. Therefore, the operator Hg = + S converges to Hoo = as 

s —)■ oo. 

We choose a small weight a for each end such that Hoc — a = Jq-^ — a is invertible. Let W 
be the function in section ^ We can dehne the space iy^’^’"(S; E) and LP’°‘{E (g) Then the 

operator D : E) —)■ LP’^{E (S> is a Fredholm operator so long as a does not lie in the 

spectrum of the operator ffioo for all i = 1, • • • , 12 . 


By the observation of Donaldson we know that the multiplication by W gives isometries from 
and to L^, and 


2 ,a = \\Wfh2, C-^\\Wf\\wn2 < ||/||i,2,„ < C\\Wf\\w^,2. 


(140) 


Consider the operator 


D : ^ L^’' 


It is equivalent to the map (see [9],P59) 

d 

Dw ■.= D - —\ogW = WDW-^ : . 

os 

Let h G be the solution of the equation Dh = 77 , where r] G L^’“. Obviously, 

Dw{Wh) = WD{W-^Wh) = Wr]. 


Let p = Wr], f = Wh. Then / satisfies the equation Dwf = P- 

When s > Rq we consider the operator D — a : —)• L^. We write D:=D — a = -^ + L + S, 

where L := Jo-§i — a is a invertible elliptic operator on when 0 < a < 1. 

The space L'^{S^) can be decomposed two infinite spaces E[^ and H~{see P33 in m), where 

H+ = {^ane*’"V > 0} , H- = < o} • 

Since L is an invertible operator, there exists a complete eigen-function space decomposition such 
that Lcjrx = X4>x where |A| > 5 for some <5 > 0. Obviously, A G Z — a. By choosing 0 < a < 1/2 we 
have a = min |A|. 
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Using the same method of Donaldson in [9] we can prove the following lemmas (for details 
please see our next paper m-) 

For ^ > 1 we consider the finite tube {—A, A) x and denote 

B 2 = {-A,-A + l) X S\ B+ = {A-l,A)xS\ 

Lemma 9.1. Let h be a solution of Dh = 0 over the finite tube {—A, A) x . Then for any 
0 < a < min{c, ^}, there exists a constant Ci > 0 such that for any 0 < |so| + 1 < ^ 


11^ l(-ho| + l,h„|-l)xSl 


UiPiCt 





Using this lemma we can prove the following corollary. 


(141) 


Corollary 9.2. Suppose that D is surjective. Denote by Q a bounded right inverse of D. Let 
h = Qrj be a solution of Dh = rj over the finite tube (0, |y) x . Then for any 0 < a < min{c, ^}, 
there exists a constant C 2 > 0 such that for any 0 < ^ < , 


(142) 


Proof. Denote by fj the restriction of rj to the part — A < s < + A. Let h = Qfj. 

Then D{h — h) = 0 in — A < s < + A. By (I141jl and 


\l,P,(A 


— \\v \j^-A<s<M^- 


_I 4 2,c 

2kT ^—^-2kT^^ 


l,p,a — ^ C*|| 1?|| IjPjO 


we have 


< 11^ h 111,2,a + ||^ |(^,^)x§i 111,2,a 

< Cl [e "^||/i - h 111,2,a + \\il \^_a<s<^+a II2,' 


2kT ^'■——2kT 


Then the corollary follows from \\h — h\\i^ 2 ,a = llQis — i?)||i, 2 ,a < C'||i/|| 2 ,q- C 


9.2 Estimates of — 7 ^ 

or 


Lemma 9.3. Let DSf, : Kh x —)• L?’’" be a Fredholm operator. Suppose that DSi,\xi,xW^'P’‘^ ■ 

Kf) X VF^’P’“ —^ is surjective. Denote by Qi, : U’’°‘ -A Kf, x a right inverse of DSi,. Let 

an right inverse of DSb^^.^ defined in (jll9p . Then there exists a constant C 3 > 0, independent 


of r, such that -^fQb,, 


< C3 and for any 0 < sq < 


A 

dr 



<Cs 


d 

^l?r||p,Q:,r- 



4fcT—l*»l-4fcT 


\\p,a,r 


+ e “ sir I 


lr\\2,a,r 


(143) 


for any rjr € Lr’“. 

Proof. Given rjr £ Lr’°, denote ijr = {DSb^^^^ o we have a pair (r)i,f)2), where 

i?i = fiiVr, m = /32fjr- Set 

Qb{m,m) = {kb,hi,h2), h(r) = hifii + h2/32- 
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_ / dh}} dhi 

) '^\si\<i^ 1 ’ Z—/ 


+ \s,\<J^=Qb (^m,^m) l|.,|<^, 


Then Qb^^^r]r = Qb^^^fjr = (Kfe,h(^)). So 

where we used (3 ||^,|<^= 1. As = A^ryr + ^fjr, we have 

dfi, 


dn dhi dh2, 
dr' dr ’ dr ' 


, 5 _ d ^ 


<Ci 


(9r 


p,a,r 


+ A 

r 


Tjr Ir <U.|< 3^r 
2fcT—1*^1—2fcT 


p,a,r 


(144) 


By the same calculation as p21!p we have 

Vr-Vr= O “ (/?? + ^|)?7r = «:&(,) + Du^.fyr) “ (/3? + /3i)i?r 

= Y.^df3^% + ^ - Su,%. 

By the exponential decay and 


(j 

we conclude from (jl45p that 


Ir 1 ^ 7ir 2,Q:,r ^ 
4fcT —l^®l-4fcT 


ry^ Ir 7lr 

4fcT —l*“l— 4fcT 


H-11 h j I Ir 

2 ,a,r r 2kT 




Il,2,o,r• 


Applying Corollary 19.21 to pi47p we have 


1 - 


Cs 




4feT——4fcT 


Vr Jl^<|s.|<_Iill 
4feT—l'^*l-4fcr 


2,Q,r 




(145) 


(146) 


(147) 


(148) 


where we used ||ryr||p,Q,r < 2||ryr||p,Q,r- Taking the derivative of pi45jl . by the exponential decay of 
Suf^^ySui, and \-§pdp\ < using pidOp . (I142p and pi45p . we have 


— p,a,r < ||^^r||p,a,r + -^W^i |^<|s.|<^ ||l,p,a H 


dr 


d 


dr 

C. 


dhj 

dr 2fcT-l^»l-^?r 


1,P,06 


— II o ^T||p,a,r + 2 11^^ l-^<ls'l<^^ IIi,P,ck “t“ ^ ||^r||2,a + 

or 4fcT-i*^i —4fcr 

Following from pi49p and pi48p we obtain 

C*! II ||p,a,r H ll^ir I <|,. |<Zll l|2,a,r 

nr r 4feT—l*®l-4fcT 


a 

r 


dfjr 


dr 


(149) 


p,a,r 


dr 

<Ce 

(I144p and pi50p gives us 
^ {Qby^VrJ l|si|<so 


I — 

dr 


r]r\\ 


r 4fcT 

1 

p,a,r H 


4fcT-l'^*l-4fcT 


2,Q:,r 


+ e “4fcT||7yJ|2„ 


(150) 


l,2,Q,r 


d Cj Ir 

E II ||p,o,r H ll^r I _^<|o.|<_I^ ||l,p,o“l“6 H^r ||2,o* (l^l) 

or r 4fer —i*^i-4feT 
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Using ()142l) and (|148l) . we have 


E^-ti 


1 , P,CK ^ 




|l,2,a + ||i? I JIll<|o.|<l^ II 2 ,. 

8feT—8fcT 


< 


Cg / _ Q ^| 


11 , 2,0 + 


4feT—l*»l-4fcT 


7ir 2,0 


(152) 


Note that ^ . Then (|143p follows from (11441) , (11501) and 

(fra . □ 


9.3 Estimates of 

or 

Lemma 9.4. Let Ir '■ KerDSh —)■ KerDSb^^-^ be an isomorphisms defined in (I127p . Then there 
exists a constant C > 0, independent of r, such that 


dr 


{Ir{K,h,ho)) 


l,2,o,r ^ 


2fcT-l**l- 2kT 


|i,2,o < —e 
r 


“) 2kT 




(153) 


for any {k, h, Lq) G KerDSb- 

Proof. By definition k is independent of r. Then ■§ph(^r) = S 


d 


d dhtj,\ d / \ tJ / \ 

— Ir{K, h, ho) = (0, (^Qfe(r) j ^(r-)) + Qfe(r) ^ ) j ’ 


A direct calculation gives us 


T)5b(^j(K, h(^)) = {dl3i)hi +/3i(5'„(^) - 5„i)/ii + {dl32)h2 + /32(<S'„(^) - Su2)h2- (154) 

By pi46l) we have supp DSb^^^{K,h^r)) C < |si| < ^}. Since + \Su\^ |^<|^.|<^ < 

Ce~'^^, the lemma follows from < C, ||^Q&(^)|| < C. □ 


9.4 Estimates of ^ [/^(k, C) + Qb{r)f{r)iIriK,, ())] 

First we prove the following lemma. 

Lemma 9.5. Let (k, C) £ kerDSb with ||(ic, C)ll ^ % such that 


Then there exists a positive constants C such that 
Wfr O fr'(^) C)1 U 7lr lip o r E Cc 

4fcT —I 4fcT 

Proof. From (I155p and k||s.|>_Rp = 0 we have 

d . d 


0 

0 

(155) 

.) (^(r)) + /« — 0. 

(156) 


(157) 

'-{r)^(r)i k[r) 0, 

(158) 
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for any |sj| > Rq. By the assumption Ui converges to /cT-periodic orbit x{kTt) as z ^ p. In the 
given local pseudo-Dauboux coordinate we denote 

exp„(^j(h(^)) = (a(r)(s,t},'l9(r)(s,t},W(r)(s,t)). 

By Theorem 12.71 (1^ and (1^ we have for any |Sjj > Rq 

|V(a(^) - kTsi)l < Ce-^^, iV(^^r) - kti)l < Ce"^4&, (159) 

|V(w(^))| < . (160) 

Let 

®(r) = “(r) - kT Si, = 'i9(r) - kti, = 0(r) -kTsi, = -d(^) - kti. 

By (jl59h and (llBOh we have 


[ l|Va^,)f+ ||Vd^,)||2 + ||Vw(,)||2dsdt<Ce-^^°, Vso 

7|si|>So 


> Rq. 


(161) 


Since ||(k,/ i(^))|| < CKq and k1|s.|>/Jo = 0, we have 


l|/i(r)l|si|>i?olll,2,a < Cl^S- 


(162) 


By the elliptic regularity we can get 

IV)1 < V|sil > Rq. 

Then W(r)(|sil > Rq) is also in the pseudo-Dauboux coordinates when > Rq and Hq small. By 
IfTeTT) 

(163) 


+ ||Vw(,)f dsdt < Vso > Rq. 


ao Il2 


' hi|>so 


Then by Theorem 12.91 we have for any < |sj| < 

|V(o(,) - kT.s^)\ < Ce-^4&, |V(d(,) - kt,))\ < Ce-^^, (164) 

I V(w(^))| < C'e“‘^4feT . (165) 

Since Vexp„^^^(/i(^)) = (V))(^“(0) + CM]), ((IMl) and ([Ml) 


gives us 


|dexp„ Vh(r)\ It <1 7ir \ < Cb" 


Note that dexp„^^^ is uniform bounded as small. Then 




The lemma follows from (I158p . (I167p and the exponential decay of Su^^y D 
Lemma 9.6. There exists a eonstant C > 0 such that, 


(166) 

(167) 


d 


— C) + QfeM O /(r) O Ir{K, 


<Ce “ 8 fcT||(K,(||^^ 2 ,, 


l,2,Q,r 


Restricting to the compact set {|sjl < Rq}, we have 
d ( 

[Irin, C) + Qbyy O f{r) o Ir{K, 




(168) 


(169) 
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Proof. Without loss of generality, we will fix a complex structure {ji,j 2 ) to simplify notations. 
We write 

+ Qb{r) O f[r) {^r (^! 0) (^r; ^(r)) 

where Kr G Kb{r),h[r) G C°°{T,;u^^^TM^). We have 


djexpu^^^h(^r) + Kr = 0. 

To simplify the expressions of formulas we denote 

d (i, \ ^ T 

^exp„^^^(/i(,)) = G, = 

Taking differentiation of (11711) with respect to r we get 

+ T = 0. 


(170) 

(171) 


We may write (11721) as 




expu^^^h^ 


+T)5b(^) (Kr,h(^))^ = 0. 


(172) 


(173) 


We estimate the difference 


We choose ||?/||i,p,a,r very small. From the Implicity function Theorem we have 

\\f{r){^r{l^;C))\\p,a,r ^ C|| (k, C) || l,p,a + II^J'^(r)ll 


(174) 


for some constant C > 0. For any small C G kerDSb-,expuiQ converges to a periodic orbit as 
|sj| —>• oo. It follows that S^xp^c^ converges to zero exponentially. Since (k,/ i(^)) satisfies (I17ip with 
= 0, by elliptic estimate we conclude that in the part < [sj! < 


< Coe ^2kT^ < Coe ^2kT 

for r big enough. Moreover, we may choose r very large and |(k, C)| very small such that 

° ('^‘^e3;p„^^j/i(^)('k, G)^ — (Kr,/l(r)) 

d 


(175) 


WQb^ 


(r) I 


l,p,a,r 


< e 


dr 


(^r, ^(r)) 


_|_ (^g (c «) 2fcT , 


(176) 


l,p,a,r 

where e > 0 is a constant such that deCa < 1. Note that 


(Kr, /i(r)) — C) + (^Qb(^)'j ° ()) + (Qb(^) ° f{r){Cibi, C)) j • (177) 


d 


d 


d 
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Then 


^^hr) ^^^Ir{K, C)^+DSbi^^^ (^g^iQb^r)) f {r)iIriK., C))^ + g^if {r)i^rin, C))) ■ 


It follows together with (I174p . (I176p that 


d 


g^(f{r){IriK',C))) 


p^a,r 


< € 


d f d \ d 

— ( —/r(K, C) I + O TriQb^^^) ° f(r){Ir{K,C))\\p,^ 

l,p,«,r V'^' / p,a,r 


l,p,Q!,r 

For any {Ki,hi), we have 


(178) 


(z) 56(^)) (Ki,hi) = ^ + ^ci) = = (o, • (Ki,/ii). 


Then 


5 \ /„ dSu 


(r) 


As Ir{K,C) £ kerDSb,. we have 


gr (O’ 


DSb^^^ O Ir{K,C) = 0. 


(179) 


Then 


(^ dr ^ ^ “ 0- 


as. 


Since —g^ supports in the part < |sj| < by the exponential decay of 5^. we get 


2kT 


2kT’ 


d 




Taking the differentiation of the equality 


< Cie '2kT . 


(180) 


p,oc,r 


we get 


DSt 


IdSbf^^s^ o Qbf^^^ — I 

d \ / dSu 


(>■) \ gj. 


:(Qv,))=-(o,^).gv, 


Together with (11741) and (11751) we get 


WQb 


(r) I 


d 


g^ iQb(r))f{r) (A(s, C)) 


< 6*26 °‘^2kT 


l,p,a,r 


and 


d 


^(/(r)(-fr(s,C))) 


< (726 “^sIt + 


p,a,r 


A 

dr 


(sr; ^(r)) 


l,p,Q;,r 


By (|170p we have 


d 


gj. {^r,h^r)) 


< 


l,p,a,r 


g^^r{l^,C) 


+ 


l,p,a,r 


d ( 

O f{r){IriK, 


(181) 

(182) 

(183) 


l,p,a,r. 
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Together with (I143p we have 


A 

dr 


? ^(r)) 


/ ^ Ir 


d 

j e SfcT 

+ 



+ 


d 


— (/(,)(/,(«:, C))) 


< C^e "sfcT + Cge 


A 

dr 




l,p,Q:,r 


l,p,Q:,r 


“1“ /r ^ I'T <|^.|< 7Zr p,a,r 

4fcT-l^^l-4fcT ^ ’ 


(184) 


where we used (|153p . (I157P and (|182l) in last inequality. Then the Lemma follows from dCse < 1 
and (I184p . □ 


10 Contact invariants and Open string invariants 


Proposition 10.1. Uj has the property 

(1) . Each strata of Uj is a smooth manifold. 

(2) . U Ui,D' C UpD is a lower stratum, it is a submanifold of codimension at least 2. 

Proof. The proof of (1) for the top strata is standard, we omit it here. The proof for the lower 
strata will be given in our next paper |20j . It is well-known that an interior node corresponds to 
codimension 2 stratum. It suffices to consider those nodal corresponding to periodic orbits. Note 
that: 

(1) . we mod the freedoms of choosing the origin in M and the origin of the periodic orbits; 

(2) . we choose the Li-Ruan’s compactification in [TB], that is, we hrstly let the Riemann surfaces 

degenerate in Delingne-Mumford space and then let M+ degenerate compatibly. At any node, 
the Riemann surface degenerates independently with two parameters, which compatible with 
those freedoms of choosing the origins ( see section ^ for degeneration and section ^ for 
gluing); 

Then both blowups at interior and at infinity lead boundaries of codimension 2 or more. □ 

From section 117.21 we have a finite dimensional virtual orbifold system {Ui,Ej,ai} and a hnite 
dimensional virtual orbifold {Uj} indexed by a partially ordered set {I = 2^^’^’"' g). By the 

same argument of Theorem 15.161 we conclude that {17/^£(M'*')} is a compact virtual manifold. As 
we have mod the S^-action on periodic orbit, and S'^-action on the puncture points on Riemann 
surfaces, by the same method of |23j we can show that is oriented (see [20]). 

Let A = {A/} be a partition of unity and {0/} be a virtual Euler form of {E/} such that AjQj 
is compactly supported in 

Recall that we have two natural maps 


e- ; Up, M+ 

(n;S,y,p) — u{yi) 
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for i <m defined by evaluating at marked points and 


('u;S,y,p) —^ u{pj) 

for j > m defined by projecting to its periodic orbit. The contact invariant can be defined as 

' j,m+i/,k,c)'''^1 ’ h'm+li h'm+u) — ^ 

I - i j 




(ai,... E/, ej/3j A AjQj 

r JUi, ■ 


( 185 ) 


for ai G and /3j G H*{Z^.^'R) represented by differential form. Clearly, = 0 if 

X; deg(Q;i) + X) deg(/3i) 7 ^ 


Similarly, the open string invariant can be defined as 




(L) 

[A,g,m+v,~jt) 



ai A A/©/. 


for ai G ff*(M+,M). Clearly, = 0 if X]deg(aj) / Ind'^. 


(186) 


It is proved that these integrals are independent of the choices of 0/ and the choices of the 
regularization ( see i)- We must prove the convergence of the integrals (|185p and (11861) near each 
lower strata. 


Let a G iL*(M+,M) and (3 G represented by differential form. We may write 

A e*I3j A A/0/ = ydr A dr A dj A dCj, 

* j 

where dC, and dj denote the volume forms of kerDSh and the space of complex structures respectively 
and y = y{r,T,j,C) is a function. Then (I169p implies that \y\ < for some constants 

Cl >0, C 2 > 0. Then the convergence of the integral ()185p follows. Similarly, we can prove the 
convergence of the integral (jl86p . 

©bviously, both and are generalizations of the relative GW invariants. 

One can easily show that 


(C) 

Theorem 10.2. (i). ^^(oi,..., /Sm+ij •••,/5m+^) is well-defined, multi-linear and skew 

symmetric. 
iC') 

(a). ■•■,/3m+i/) is independent of the choice of forms ai,l3j represent¬ 

ing the cohomology classes [fij], [ctj], and the choice of virtual neighborhoods. 

(Hi). ^^(oi,..., Om)/5m+ij •••)/3m+iv) is independent of the choice of J and J over Mq . 


Theorem 10.3. (i). -^^(oi,..., a^) is well-defined, multi-linear and skew symmetric. 

(a). ..., Om) is independent of the choice of forms ai representing the cohomology 

classes [ai], and the choice of virtual neighborhoods. 

(Hi). 'I'lE independent of the choice of J and J over Mq . 
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